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Lecture 1: March 31 1-1

Math 546 Manifolds Notes by Avi Levy
Lecture 1: March 31

Old Homework Talk

Recall problem 9-17(a). V; = %,Vz = % + %, and find flow coordinates (s',sZ,s3). One
of her goals (maybe the only reason it was assigned) is to notice that V; = & = % but
x # s!. In particular, s' = x-1-y,s? = y,s3 = z. Observe that s' is a function that
satisfies ds'(V;) = ds'(V3) = 0. Equivalently, V, and V; are tangent to the s level sets.
The majority of the information about s' are what the level sets are; the only thing that’s
missing is how fast the lines change, which is like a scaling. Later, we’ll call the surfaces

that are tangent the “integral curves of the distribution” given by the rest of the vector
tields.

ds'(Vj4) = 0 determines the level sets of s!, and ds'(V;) = 1 only determines "how fast
s! changes between the level sets” (in quotes because it is a fairly heuristic remark).

Also related: {s' coordinates} = {N);; level sets of s7}.

New Homework Talk

The W problems will just be a whole bunch of easy calculations (11 -7,9,10,14). Do
what you need to do to be at ease with the calculations; not necessary to do absolutely
everything if you are comfortable with what’s going on.

Review:

1. EM > Nand w:N - R. Then dug: TqgN - T, ()R ~ R, identify duq € T{N (we are
expressing the latest thing in terms of something we knew before).

2. F} is defined to be (dF;,)* (we are doing adjoints here). If v € T,M, then (F*du),(v) =
dur(py(dFyp(v)) (by definition of the adjoint map). Now we use the other nature of
du; besides being a covector, it is also the differential of a function. So by chain rule,
the last expression = d(wo F)(v) (recall du: Tg,)N - RR). Hence (F*du), = d(uoF)y.
Now recall from way back that uoF = F*u (see Problem 2-10). Now a preview of
tensor manipulations (i.e. differential forms) is that our expressions for (F*du),(v)
becomes d(F*u),(v), whereupon F*du = dF*u; something commutes with some-
thing. Also note linearity of dF, (hence, linearity of F*); this means F*(ux+vf3) =
(woF)Froc+ (vo F)F*(B). In other words,

F*(uoc+vp) = FruF* oo+ F'vF*(B).

So F* is acting on the algebra of covariant tensors, and it distributes over the tensor
product; the tensor product of a rank-0 covector and a rank-1 covector distributes.


http://www.math.washington.edu/~avius

Lecture 1: March 31 1-2

3. If F=1:S - Nis an inclusion, and w is a covector at p, then there is no ambiguity
about F*w (like there was with vectors - this is due to asymmetry in definition of a
function). This holds at every point p € S. Compare with dF(X) which may or may
not be defined or multiply defined at points of N. Note: See the comment/example
(in the book) on difference between w|s (section of the pullback bundle TN|s given
by i:S — N; this is a covector over a map, compare to bundle homomorphism over
a map). That is different than i*w:S — T*S, which typically has smaller dimension
(unless S is open). This is more complicated than pulling back a function, because a
function is O or its not. This is tricky; it's because ws is operating on a bigger vector
space that i*w. Again, there is a concrete R™ example worked out in the book.

Emphasis: For computation, ”oF” just means plug in formula for F. Example is F:IR? —
R? given by F(x,y) = (xy,x? -y?) = (w,v). Then

F*(udv) = (uoF)d(voF)

= (xy)d(x* - y?)
= (xy)(2x dx -2y dy)

If we think of F as a coordinate change, (we can do this locally in a neighborhood of any
point where dF is non-singular - the origin), then F* dv = 2x dx -2y dy and F* du =y dx +
x dy, and those are linearly independent except at the origin. Generically now: chance
coordinates (x) - (ul) = F(x!,---,x"). Then du'! = g—:gdxj (with summation convention).
Tip: If you're thinking in index notation, you can’t write down the wrong formula! (J. M.

Arms, 2014). See also the analogous formula for coordinate vectors: % = g:g aii‘




Lecture 2: April 2 2-1

Math 546 Manifolds Notes by Avi Levy
Lecture 2: April 2

Talking about the gradient

Exercise 11.17, differential of f, gradient of f. In Cartesian,
noof 0o
df =
sta Z oxt oxt’

For n = 2, convert V to polar coordinates.

V=V(r)3+V(e)%
(afar of ar) 0 +(E@+E@)i
0x 0x E)y oy/or \dxox 0dyady/ b

Contrast this with the “naive” attempt at putting the gradient in polar:

0f9  9f 0

oror 0000
which after applying the chain rule gnelds a different expression. In physics and engineer-
ing, we use the orthonormal basis 3, ; 35; everything is off by a factor of .

If (,) is an inner product on each tangent space, then grad f is defined by df,(v) =
((gradf)p,v) (for v e T,M). This is called “raising an index”. We'll see related things later.

Line Integrals, Heuristically

First case of results in Chapters 16 and 17. A covector field is an operator that’s waiting to
be fed a vector (“it’s hungry”). This means it is also something to integrate along a curve

v:[a,b] - M. Indeed, [, w should be f; w(y'(t)) dt. Now

wW(y'(1) = w(dv(3)
- (@)

In other words, y*w = w(y’(t)) dt (because they act the same way and we’re in a 1d

vector space). Hence
b
[u-[ v
Y a
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we will study these sorts of integrals, and they will give us global topological data (like
things about connectedness). This is interesting, because derivatives are local things. We
need the curve to be piecewise smooth; so we want to know that for smooth manifolds,
connected is equivalent to being connected by piecewise smooth curves (Lemma 11.33).

Line Integrals, Officially

On R, consider a covector field w = f(t) dt. Define f[ ab] W = | ; f(t) dt.
Proposition 2.1 (11.31). This quantity is invariant under orientation preserving diffeomorphism.
Proof. Substitution, or change of variables. O

Exercise 11.32 talks about change of orientation. Now we make the definition

/yw = /[alb]y*w
-/ T w(y(1) dt

Now extend to piecewise smooth by doing it along each segment and adding up the
results.

Example 2.2. The integral is reparametrization independent, but not path independent.
Take w = x dy on R?, and consider two paths from (0,0) to (2,2); y1(t) = (2t,2t) and
v2(t) is piecewise: (0,t) then (t,2) (there is something to say about parametrization inde-
pendence and not having to match up the parameters). Thus yjw = (2t)2 dt = 4t dt (the

rule is just plug in). Hence
1
/ w = / 4t dt = 2.
Y 0

2 2
/ w:/ Odt+/ td(2) =0.
Y2 0 0

This is the failure of conservation.

Similarly,

Conservative covector fields

Terminology (* for emphasis):
e exact () covector field is w = df, for f € C*(M).

¢ fis called a potential for w

(engineers and physicists use E = —grad ¢ for potential of say, the electric field)
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* conservative covector fields have fy w path-independent, i.e. depends only on the
endpoints (same as saying integral over closed curves vanishes: this is an early
indication why piecewise-smooth is nicer).

In physics, a vector field X is conservative if fyX-y’ (t) dt is path independent.
Here, you're taking X _ as your covector field.

¢ A covector field w is closed () if dw = 0.
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Definition 3.1. exact means w = df
. q . .
conservative means fp w is path-independent

closed means 3 3
et B BT IO
oxt oxJ

in every coordinate chart.

Proposition 3.2 (11.45). (a) closed if and only if (b) at every point, there is a chart in which
(11.21) holds if and only if for all X,Y € C*(U),

X(w(Y))-Y(w(X))-w([X,Y])=0 (11.22).
Proof. (a)= (b) is immediate; (b)= (c) is a calculation, not enlightening
()= (a): Take X = aixi'Y = a%' You plug into (11.22) and get the result. [
The LHS of (11.22) is the invariant definition of dw:
dw(X,Y) = X(w(Y)) - Y(w(X)) - w([X,Y])

Covector fields are 1-forms, and saying dw = 0 is equivalent to being closed. In order to
be a tensor, you want to only depend on a point. Related to theorem about map between
sections being a bundle; same type of thing as detecting a tensor. In other words, we need
to show that dw is C*(M)-linear in all of its slots.

Proposition 3.3 (11.44). exact = closed
Proof. Clairaut’s Theorem (equality of mixed partials) yields the result directly. O

A brief preview of De Rham cohomology...

Example 3.4 (11.47). Archetypical example of closed but not exact

W - x dy-ydx
xZ +y?
=do

This works out on R? \ {(0,0)} minus some ray out of the origin.

Theorem 3.5 (11.42). Conservative if and only if exact
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Proof. = Fundamental Theorem of line integrals (11.39) says that
[ at=te)-f(r@), vilab] - M
v

< Pick a point p € M (well, one for each component of M). Define f(q) = f 9w. Con-
servative w means that f is well-defined. Idea: Show that dfy = wq. So pick a
coordinate at q. For -2t 3T L., pick a path from p to q that approaches g along an x! coor-
dinate curve. On the last segment, y(t) = (0, --,0) with t in the i component.
Now vy/(t) = (0,---,1,---,0). Hence

f@@»#@@»iiwwmnﬁ

=/wmm»m
of

= 2= wl(y(®).

Corollary 3.6 (Lee, 11.46). “closed” and “exact” are invariant under local diffeomorphism
Definition 3.7. A region of R" is star-shaped if it is convex with respect to a point.
Proposition 3.8 (Poincaré lemma for covector fields: 11.49). Let U c IR™ be open and star-
shaped. Then every closed covector field on U is exact.

Proof. Define f by integrating w from the point p with respect to which U is convex.
without loss of generality, p is the origin. For x € U, let y(t) = tx. Define

1
100 = [ wyo(r'(e) at

Tn '
Z wi(tx)x' dt
0 i=1
of n
= 35" / [Z ]tx +w](tx)]
n .
(using closedness) = /0 [t > a_xiJX1 + wj(tx)] dt (%)
i=1

Recognize that 31! a—}xl dt(wJ(tX)) Thus
(x) = / (w](tx) +wj(tx) dt
=/0 = (tw;(tx)) dt

t=1
= twj(tx)‘tzo

= wj(x)
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Example 3.9 (Lee, 11.51). On the star-shaped region IR3, define
w=e¥ dx +2xyey2 dy -2z dz.

It is easy to check that w is closed. We want to find an f for which w = df. Integrating in

x, we get f(x,y,z) = xey’” + C1(y,z). Integrating in y, we find C;(y, z) = C1(z). Integrating

in z yields C;(z) = -z? + C. Thus we obtain f(x,y,z) = xey® — 22,
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Tensors

Covariant k-tensor is a multilinear map T:V x--- x V — IR; k copies, called the rank of the
tensor. The space is called T*(V*) = L(V,--, V;R). For contravariant, put »; the shorthand
is T*(V) = L(V*,--, V*;R). Unifty covariant with contravariant by writing

TEDVY = L(V*, -, V,V,-, V;R)=Ve--8 VeV ®--e V"
(k indices in the first ---, and 1 in the second).

Example4.1. 1. V=R2and T(X,Y) =det[X Y] = X1Y2-X2Y!. Then T € L(R?, R%;R). It
followsthat T=e'®@e2-e2®@¢l.

2. Mixed tensor: take V =1R3, and T(X,Y, w) = w(X x Y). Express in terms of basis (e;)
for R3 and dual basis (et)

T=e'0e’0e;-e?®c @ez+--

3. Curvature tensor: (3,1) tensor has a bunch of symmetries, in dimension 2 it col-
lapses to a number. There are uses for mixed tensors, but not yet; see the geometric
structures course.

4. Inner product. Standard one is g(X,Y) = X-Y. A variant: Take §(X,Y) = XTAY for
A positive definite symmetric and nonsingular. (Semireimannian geometry if only
semidefinite)

5. Take V finite dimensional and consider Hom(V, V).
Define a map Hom(V,V) - L(V*,V;R) by A » A:(w,v) - w(A(v)). Then A ~
A is injective (check it concretely), and an isomorphism (just count dimensions).
By a theorem, L(V*,V;R) ~ V® V* ~ Hom(V,V). To relate them directly, define
®:VxV* - Hom(V,V) by ®(x,n)(v) =n(v)x. Then pass to the quotient (i.e., use
characteristic property of abstract tensor product).

It turns out that @ is a really bad map; not injective (see (x,0), (0,n), or even
(x/r,m™)). It's not surjective, because nonsingular homomorphisms are not in the
image. There is also a dimension problem between V x V* and Hom(V,V). The
tensor product construction fixes all of this, so that ® becomes very well-behaved.

First enlarge V x V* to be a free vector space on V x V*. This takes care of the lack of
injectivity of ®. Then use IT: F(V x V*) - V ® V* to take care of injectivity. Notice
the distinction between 7t and IT; the former is for V x V* - V ® V* whereas the latter
is for quotienting into the equivalence classes ensuring bilinearity.

6. O-tensors. TO(V) = T(00)(V) = IR, so O-tensors are scalars.
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Definition 5.1. An element in a tensor product space is decomposable if it is a product of
elements in the factor spaces.

This will come up when we meet the wedge product (Chapter 14).

Proposition 5.2 (12.7, Characteristic Property of Tensor Products). Multilinear maps factor
through the tensor product. In other words:

Let : V1 x--- x Ve = V1 ® --- ® V) be the projection. Given a multilinear map A: Vi x -+ x V). —
X, there is a unique linear map A such that A = A o .

The 7 is hiding something. It need not be injective nor surjective; its image consists
of decomposables. Start with V; x V; = F(V; x V). This is a huge free vector space on all
elements (v1,v;). Then we compose with IT, which mods out by the linearity relations.

Start with A: V; x V, — X. Consider v Vi x V; - F(V; xV;); by the characterstic property
of the free vector space, there is a linear A:F(V; x V,) — X. The linearity of A is too weak;
we need the multilinearity of A. This is “the only way to work with the individuals slots”.
For instance,

K(w +wi,v2) = A(vy + W, V)
:A(V1IVZ) +A(W1/VZ)
:K(w,vz) +K(w1,v2)

and likewise for multiplication by scalars. Thus A respects the relations imposed by TT, so
we may pass to the quotient to obtain A: V; ® V; - X such that A = o A.

This property characterizes the tensor product.

Proposition 5.3 (Lee, 12.10).
Vi*®-® V]: ~ L(V],---,Vk;IR)

Proof. Make the diagram ®:V} x .- x V¥ — L(Vy,-, Vi;R) and =V ® ---® V. Then by
12.7, there is a unique @ such that ® = ® om. The map is O(w', -, W*)(vy,-+,vy) =
w!(v1)--wk(vy). So @ is unique, but now we must show it is an isomorphism. To do
so, we pick a basis and write it down.

and now show it is a two-sided inverse.
The alternative is to show @ is injective, and then do a dimension count argument. [J
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Symmetric Tensors

Reasons we talk about symmetric tensors:

¢ In Chapter 13, we meet Riemannian metrics.

¢ Symmetrization operator; this is a warmup for the antisymmetrization operator,
which occurs in Chapter 14 with the wedge product.

Definition 5.4. An operator T is called an idempotent or a projection when T2 = T.

Consider a projection from T*(V*) — Zk(V*). Then the codomain is contained in the
domain, and the map is the identity when restricted to its codomain. For A € Tk(V*),

1
SymA(vy, -+, V) = Xl Z A(Ve(1)r s Vo(k))

* 0eSy

where each of the latter terms are written as °A(vy, -+, i ). The reason for the % is to make
it the identity on Z*(V*).

Definition 5.5. For S, T € £*(V*), define the symmetic product

ST=Sym(S®T).

Tensors on Manifolds

First we think in terms of coordinates. Define the k-covariant tensors on M tobe T¢(T*M) =
TOKX)(TM). To show this is a bundle, we’re going to need local trivializations. Restrict to
a coordinate domain ((x!),U). Then a frame for T*(T*M)|y = T*(T*U) is given by (5%)
(the frame for TM|;) and (dx') the coframe.
Now we have
dx' ® - ® dx'*

gives an identification of T*(T*U) ~ U x TK(R™) (by thinking in coordinates, we’ve iden-
tified U with an open subset of R™).

Sections

The general symbol is '; so the smooth sections are I'(TKT*M), or T*(M) for short. Taking
k = 1 is the case of smooth covector fields; proving all the equivalent characterizations of
smoothness was a problem from our final last quarter. The generalization to larger k is
just the same thing, but with more slots to keep track of.

Next time we’ll move on to the vector bundle homomorphism lemma in a larger gen-
eralization. When k = 1 it the exact same theorem.
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Lemma 6.1 (Tensor Characterization Lemma, 12.24).
AX(M) xX(M) x---x X(M) - C*(M)
is C°(M)-multilinear if and only if A arises from a smooth covariant tensor.

For k = 1, this is exactly the bundle homomorphism characterization lemma (10.29). Over
there, we had A: X(M) - C>(M) (thought of as '(TM) and I'(M x R) respectively), and
that C>°(M)-linear if and only if there is a smooth covector field A such that A(X), =
Ap(Xp).

Proof. The proof follows 10.29, but generalizes the argument to more slots. Recall that
10.29 was the “deja vu” proof, that used bump functions twice. So we will end up using
bump functions twice, once for each slot.

1. A(-,Xj,--)|p depends only on X; on a neighborhood of p; so localize.

2. Now pick a frame on some neighborhood. Write X; = fIE; (where the Ej are our
frame). We get A(-+-, ) Ej,---). Formally, it is easiest to take two different vector fields
that agree at p. Then their f)’s at p will be the same.

3. Repeat for all slots. Define A,(vy,--,vi) = A(Xq,--, Xi) where Xi(p) = vi. By the
preceeding, this is well-defined (independent of our extension). This gives us a
rough field, and it is smooth because A ( smooth fields ) = A( smooth fields ) which
is smooth since A is given to be C*.

We have to jump through these hoops because A needs its fields to be global. O

Pullbacks

Why is F*(A®B) = (F*A) ® (F*B)? By definition,
F*(A®B)(v,w) = A®B(dFv,dFw)
= A(dF(v))B(dF(w))
= (FFA)(v)F*B(w)
=(FFA®F'B)(v,w)

Note: F*(fA) is a special case, thinking of f as a O-tensor. There are secret “composed with
f’s” all over the place. Thus given M — N, we have

F*(fA) = (F f)FFA = (fo F)(F*A).


http://www.math.washington.edu/~avius

Lecture 6: April 11 6-2

Note (F*A)p = F*(Ap(p) = “FrA o F', although no one ever calls it that.
Computationally, the “oF” in F* means “plug it in”.

Example 6.2. 1. Lee, 12.29. A =x?dy ® dy, F(r,0) = (rcos0,rsin0). Then
F*A=1r2tan’0 dredr+1 ' tan0(d0 ® dr + dr® d0) + d0 ® d

2. F:(r,0) » (rcos6,rsin®,r) for r > 0. Its image is a cone. Then

F*(y dx®dz) =rsin0 d(rcos0) ® dr
= rsin@cosO dr® dr—r2sin’ 0 d6 ® dr
F*(dx ® dx) = (cos 0 dr—rsin® do)?
= c0s?0 (dr)? - rcos0sinB(dr® dO + d0 ® dr) + r%sin” 0 (d6)?
where concatenation/squares refer to symmetric products; we’re not doing naive
pre-calculus squaring over here!
3. A substantial computation: spherical coordinates.

Standard inner product on R™; g = d;;dx' ® dxJ. Let F change to spherical coordi-
nates, given by

F(p,6,$) = (pcosBsind, psin@sind, pcosd) = (x,y,z)
Then F*g gives the inner product in spherical coordinates.

F*g=(8yoF)d(xoF)®d(x'oF) = > d(x! o f)?

= (sin ¢ cosOdp + pcos O cos bdd — psin P sin O de)? +---

= sin’ ¢ cos? 0 (dp)? + p? cos? p cos? 0 (dd)? + p? sin’ ¢ sin’ 0 (de)?
+psindcosdcos’B(dp® dd + dd ® dp)
— p?sin’d cos 0sin O(dp ® dO + dO ® dp)
—p?cosdsind cosOsinB(ddp ® do + do ® dd)
— p% cos ¢ sin ¢ cos Osin 0(dp®dd+dO®dod)
+ ---(2 more sets of these terms)

= (dp)? +p? (d)* + p*sin® 0 (dO)*

Lie derivatives of tensors

The definition is d
LvTlp = Tl 0f (7o, (p))

If 7 is contravariant (for example, a vector field) then switch to using pushforward of the
inverse. Recall that 0} = d0_¢, and 0y is the flow of V. For each t, it is a diffeomorphism.
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Proposition 6.3 (Properties of £y T, 12.32).

1. Lyf = VF = df(V)
2. Ev(A ® B) = (EvA) ®B+A® (E\/B)
3. Ly(TOGY)) = (LyT)O6Y) + T(Ly(X), Y) + T(X, Ly(Y)).

These are all product rules, when interpreted in the right way. To prove them, you could
write everything out in coordinates and use elementary calculus. Or, you could go back
to the flow definition of the Lie derivative and mimic the “incremental change” proof of
the Liebniz rule. But here’s another approach:

Recommended. Use flow coordinates. If V}, # 0, then V = %, and you flow is (t,cp, -+, cn).

0

EvT(Y,Z)|p = a o T(t,cz,-u,cn)(Y(t/ Cy, cn),Z(t, cy, Cn))

Now the result holds on supp V by a continuity argument. But M \ supp V is an open set
on which £y7 =0, since V = 0. H
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LyT =0 if and only if 7 is invariant under the flow of V.

Definition 7.1. A vector field V is called a Killing field of the Riemannian metric g when
,Cvg =0.

Equivalently, V is a flow by isometries. We feel like there should always be Killing
tields, but it turns out they are pretty rare. Generically, a Riemannian metric has no Killing
tields.

A weaker condition is that the flow should be volume-preserving. On IR?, consider
w = dx® dy — dy ® dx. Then w(X,Y) is the area of a parallelogram. Take V = y%, which
has fixed points on the x-axis. Then Lyw = 0. Geometrically, the field is a horizontal
shear. Thus each horizontal layer is shifted, but has the same length. Computationally,
use Proposition 12.33. Then

0 0 0 0 0o 0 0 0
“V‘*”(&'@)-V(‘“(a'@))“”(ﬁvaﬁ)“”(afﬁva)

=0-0-0.

In continuum mechanics, %Evg is the strain associated to the “infinitesimal deformation V”.

Riemannian metrics

On each T, M, the inner product allows you to get an orthonormal frame. On a neighbor-
hood, given any smooth frame we can apply Gram-Schmidt to get a smooth orthonormal
frame (use the fact that the formulas to normalize are smooth - see Problem 13.6 and
Corollary 13.8).

Warning 1. Start with a coordinate frame and apply Gram-Schmidt. The result may not
be a coordinate frame anymore!

For example, consider the unit sphere with coordinate frame

(35 33)

00700/

Then g = sin® $(d0)2 + (dp)2. The frame is already orthogonal, so we just have to nor-
malize. This gives

(w00 26)
sin¢ 00" 0¢
Note that this blows up at the north/south poles, as expected.
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We claim that there is no coordinate chart for which these are coordinate vectors. In-
deed, if [X,Y] # 0 then X,Y can’t be coordinate vectors in the same chart (and recall this
condition is if and only if ). But it’s clear this is the case, whereupon the claim follows.

One could also say that the sphere is not flat, which also yields the claim. But this
would bring us into a discussion of curvature, which is postponed until Math 547.

Pulling Back Metrics

Examples with polar and spherical coordinates. Last wekk, we looked at things that were
orthogonal. This is not the generic behavior! Note Example 13.17, induced metric on a
graph. Recall graph coordinates:
X(u!, - um) = (u!, - u™, () (ul) does “double-duty” on domain and codomain
Then
X*g = (du")? +- + (du™)? + (df)?
= things with lots of cross terms du' ® du

Geometrically, an orthogonal grid will push to a bunch of parallelograms.

Riemannian distance function

The Riemannian metric let’s us do geometry! Since g gives rise to a length on vectors, we
can get an arclength of a curve y:[a,b] - M by defining

b
Ly(y) = / (1) dt.

Definition 7.2.

dg(Pz q) = inf Lg (v)
Y p-w. smooth

v(a)=p,¥(b)=q
Claim 7.3. dg is a metric in the topological sense, and it induces the manifold topology

Proof. Clearly dq(p,q) > 0, dg(p,q) = dg(q,p), and dg(p,p) = 0. The triangle inequal-
ity comes from the infimum, so it remains to show that dq(p,q) > 0 if p # g, and the
equivalence of the topologies.

We need a linear algebra fact to proceed.

Lemma 7.4 (B.49, B.50, page 638). All norms on a finite dimensional vector space are equivalent.

In other words, there are constants ¢, C such that cBg < B4 < CBg.

Next, we use local compactness and regular coordinate balls to extend this from vec-
tor spaces onto the whole tangent space. Use compactness to get minimum/maximum
values for ¢, C. O



Lecture 8: April 16 8-1

Math 546 Manifolds Notes by Avi Levy
Lecture 8: April 16

Riemannian distance function, continued

We were in the middle of proving dgy(p, q) > 0if p # q; this is the last piece of proving that
dg is a (topological) metric. Then, we will show that the topology induced by d agrees
with the manifold topology. Note that the manifold M must be connected for the distance
to be defined; there are various ways to deal with various components.

Lemma 8.1 (Modified version of 13.28). Given a coordinate domain U c M, compact K c U,
g a Riemannian metric on M, and g be a Riemannian metric on U such that the coordinate fields
are orthonormal. Then there are positive constants c,C such that for every x € K and every
v e LM = T, U, we have

clvlg < vlg < Clvlg.

This is an extension of the linear algebra result mentioned last time, which says that all
norms on a finite dimensional vector space are equivalent. We use compactness to extend
from a point.

Idea sketch. Pick c, C to be min and max of norm on unit tangent bundle restricted to K;
then just verify the inequality. O

Proof of Theorem 13.29, hard parts. Fix p € M, pick a regular coordinate ball V centered at p
with radius e in coordinates (distance coming from §). Note that € > 0 is implied since we
have a regular coordinate ball.

For q € 9V, observe that

do(p,q) > inf(Lgy)
> cinf(Lgy)
—ce (%)

The infimum is taken over all piecewise smooth paths in V from p to a point on 0V. Thus
ifp#4,dg(p,q)>0.

To show the topologies are equivalent, use regular coordinate balls as a basis for the
original manifold topology. Use “dg4 balls” for the metric topology. By (*), it follows that
when q e M\V, dgy(p, q) > ce. Thus if we choose r < ce, the “dg ball of radius v centered

at p must liein V.

Conversely, suppose we are given 1. Choose € < ¢. Let V be the regular coordi-

nate ball of radius e centered at p. Now d4(p,q) = inf,q(Lgy). If Im(y) c V, then
L4(v) < CLg(y) < Ce for g € V. Now take infimum over these ; it follows that dq(p, q) <
ianm(y)cV < Ce. ]
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Theorem 8.2. Every manifold admits a Riemannian metric.

Proof. By 13.29, each component admits a dgq. Then there is a trick; pick a point in each
component and declare them to be one unit apart. O

Corollary 8.3. Every smooth manifold is metrizable.

Of course, we already knew that every topological manifold is metrizable (this de-
pends on the Urysohn Metrization Lemma, which we technically didn’t cover). However,
the metric coming from Urysohn is a lot less relevant than the metric we just put on our
space that’s coming from Riemannian.

We can talk about completeness now. You can show this is equivalent to saying that
bounded sets have compact closure. This is all standard topology.

Comment from Math 547 (because people are interested in curvature): Define geodesics
(the analog of “straight lines”). Zero acceleration (this becomes a second order differential
equation in local coordinates). We solve first order ODEs by thinking of them as vector
fields. So we can solve a second order ODE by using twice as many variables: it is a first
order ODE on TM. The vector field is called the “geodesic spray”.

The manifold doesn’t have a curve going through it, it has a curve going in each di-
rection: all the curves spraying out from the point in all directions.

We defined completeness for vector fields. So now we can talk about curves up in TM;
you project them down and you get the geodesics. Now completeness of the geodesic
spray means that the integral curves are defined for all time.

Definition 8.4. Geodesic completeness means that the geodesic spray is complete; all the
geodesics are defined on all of R.

A big theorem in 547 is that geodesic completeness is equivalent to metric space com-
pleteness.
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The musical isomorphisms

In general, we can construct a non-canonical isomorphism from T,M - TxM. Given an
inner product, there is a canonical isomorphism. Given an inner product g, identify a
vector X with a covector w defined by w(Y) = g(X,Y); i.e., w = g(X,-). In terms of indices,

g(X,") = (gyydx' ® dx)) (xki)

oxk

if 0 K v

= gy | dx P X* dx
=gij6}<Xk de
:gini de.

If you're a true index-pusher, you would write w = w;j d¥ and wj = g;X'. We write
w = Xb; we define X; = gy X.

Definition 9.1 (Preview of page 358:). We define interior multiplication of X into g to be
ixg =9(X,-).

If we choose coordinates so that % is orthonormal at a point p, then X;(p) = X'(p).
At p, the isomorphism b: T,M — T M just takes the coordinate basis to the dual basis:

2\ ,
(%) =dX1.

Let# TM — T,Mbe the inverse of b. For w = w;dx!, define w* by setting g(w*,-) = w. Then

w#:wi@, gi].wi - w (%)

If (LY) is the matrix that gives the map (wj) - (w?), then LYw; = w'. Apply gi; to obtain

(9lY) wj = g
= Wy.

Thus gLV = 6%;. Hence L = g~!, so we write LY as gl.
To illustrate this notation, observe that L¥g;; /P becomes L = g~! (mixing index nota-
tion with matrix notation). Let g denote the contravariant 2-tensor
0 0
S=qg—@ —.
J oxt  ox
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Claim 9.2. S is an inner product for covectors, and S(w,mn) = g(w# n#).
Proof.
SY = S(dxt, dx))
= 91’)'

On the other hand, dx™ = gt*=% 9. Thus

d d
g(dx™, ax*) = 9(9 7935 )

oxP
0 .0
= (grsdxr ® dXS) (gl ﬁ’ 9”’@)
. a a
- ik 4jp
= grsgikgjp6L5;
=grsg" 9”°
=89

So somewhere we were sloppy with g being symmetric, but this ends up yielding the
result. O

Example 9.3 (Polar coordinates). g = dr? + 12 d6%. Now

0

or

a2

ae‘g:r.

9

The corresponding orthonormal frame is

Likewise,

Thus gV = ((1) YO ) Observe that the operator norm |d6| = Wthh matches our intuition.

Example 9.4 (Gradient). In standard Euclidean, grad f = (df)*. In general,

of
(af)* =g (a ——dx}, )
of d

= U__

oxt ox”
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Flatness

Definition 9.5. A Riemannian metric g is flat if there is a local isometry to (R™, §).

This occurs if and only if at every p € M, there are local coordinates in which g = g
(i.e, g=d*g).
Remark (Compare and contrast). Smooth manifolds: locally diffeomorphic to IR™.

Flat manifolds: locally isometric to (IR™, g).

By Gram-Schmidt, we can always find a local orthonormal frame; but it won’t neces-
sarily be a coordinate frame.

Example 9.6 (From the 545 final). We showed that S3 is isomorphic to the unit quater-
nions, which is isomorphic as a Lie group to SU(2). We have a global frame i, j, k with
the ambient Riemannian metric inherited from R*. But from another problem from last
quarter, we know that this is isomorphic as a Lie algebra to (IR3, x) (cross product).
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Index pushing

Fixing the g¥dx from last time.
g* means something like g*#. For instance
0 0
#n,) = g9 - © - (my dx¥, -
= g 8§
LD
= giin =
g i P
= ‘r‘l] i .
If you're a pro, you would write giin; = .
If n = df, thenn; = f; where , means derivative. You would write grad f = f/ %.

Alternating Tensors (Ch. 14)

They live in the Grassman or Exterior Algebra. Unifies and extends ideas from vector
calculus.

Example 10.1. 1. Cross product: introduced as a vector (i.e., contravariant tensor).
However, we care about it because it gives signed area.

2. grad f: input is vector, output is a number.

3. volume element on a surface in R3: iydV where dV = dxdydz, N is a unit normal
vector.

All these things were introduced as vectors, but they were really covectors all along.
We have been implicitly using musical isomorphisms to identify things in elementary
calculus.

Elementary Alternating Tensors

Let’s say we live in V, a vector space of dimension n.
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Definition 10.2. Given I = (iy, -+, iy ), define the elementary alternating tensor

ol 0, k>n
1 (4) k<n.

As a consequence, e!(E;,, -+ Ej, ) = 6} where | = (1, jx).
Definition 10.3. The generalized Kronecker symbol is

sl |s8no, ool -]
J 0, else

Observe that e!(E;, -+, Ex) = 1. Since ¢! is alternating,

el =KklAlt (eV ® - ®@ e'%)

Geometric Interpretation

Think along the lines of covectors as “vector detectors”. So ¢? is a family of planes at
unit intervals, perpendicular to x? axis. For 2¢?, the planes would be spaced at 1/2-unit
intervals. Then ¢2(v) is the number of planes pierced by v.

For ¢! A ¢?, you get a “grid of planes”. You feed it a pair of vectors, i.e. a parallelogram.
Then &' A €2(vq,v;) is the number of “tubes” pierced by the parallelogram. Really, €' A
g2(v1,v2) is the signed area of the parallelogram projected onto the xy-plane.

Wedge Product

The “shuffle” definition:
Definition 10.4. The wedge product of w € AK(V*),n e AY(V*) is

WAN(V, Vi) = Y, (58N 0)W(Ve(1y, - Voo N (Va(kat)s s Vo))
Ues(k,l)

where S 1) is the set of (k, 1) shuffles:
o(l)<--<o(k)and o(k+1) << o(k+1)

We claim that this is equivalent to the book’s definition. Indeed, each term in the shuf-
fle definition corresponds to k!l! equal “unshuffle” terms, obtained by rearranges of w
arguments and 1 arguments. Now a little calculation shows that
k+1)!
W AN (V1 Vi) = % Alt(wen)(vi, - Vir1)-
Thus we match the book’s definition, and this finally shows that the “shuffle definition”
yields an alternating tensor.
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Lemma 10.5 (Lee, 14.10). el n el = €l

Proof. It suffices to apply both sides to a collection of basis vectors (Ep,, -, Ep,, ). Let
P = (p1, -, Pr+1) and usual conventions for I, ]J. The condition on P that makes both sides
0 is: P has a repeated index, any index in P is not in either I or J. If I,] have indices in
common, then both sides are 0. Thus we have reduced to the case when the list of all
indices appearing in either I or J is distinct.

Since both sides are alternating, without loss of generality P = I] and I, ] are increasing.
Now look at
EI A 8J(Ei] 77y Eik/ E]] 7"y Ejk)’

but it’s trivial to check that these two are the same things, because they’re only non-zero
in a very specific case. 0

We're just checking things over a basis, and the basis is very sparse.
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Review from last time

For w € Ak(V*),m e AL(V*), we have the shuffle definition

WAN(VE, Vi) = ). (880 0)W(Ve(1y, s Vo) M Ve (k) Vo(ket))
UES(k,l)

Proposition 11.1 (Properties of A, 14.11).

(a) bilinear

(b) associative

(c) anticommutative with respect to the usual grading: w An = (-1)m A w
(d) el=¢lt Aonelx

(e) For covectors w',---, wk,
W' A A k(v V) = det(w'(vj))
(f) The shuffle definition extends:

wAnAdp= > (sgno) ’(wened)

O_ES(k,l,p)

for ¢ € AP(V*).

Now we transplant things from a single point (i.e., vector space) onto a manifold. Define
the bundle of alternating covariant k-tensors, A*(T*M), which is a smooth subbundle of
T(T*M).

Sections

Definition 11.2. We are concerned with alternating covariant k-tensor fields, also known
as (differential) k-forms. The sections are denoted by Q¥(M). Familiar cases include
Q%(M) = C®(M) and Q'(M) = T (M) =T(T*M).

Given any local coframe (¢!, em) (i.e., frame for T*M), we wedge them to get (¢l),
which is a local frame for A¥(T*M). For a given k, use ¢! forall I = (i1, i) and i <+ <

k-
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Pullback

This is the same as for general covariant tensors. It distributes over A, because it dis-
tributes over ®:
F'(wan) = (Frw) A (Fn).

Recall that for u € C>°(N), F*u = uoF. Then F*du = d(uoF) = d(F*u). The pullback for
top degree forms is (14.15), so if : M — N both with dimension n, we obtain

F*(wdy' A dy™) = (woF)det(DF) dx' A-- A dx™
Proof.
F(dy' A ady™) = (Frdy') A~ AF*(dy™)
=d(y'oF)A--Ad(y™oF)
=dF' A AdF™

=G dx' A A dx®,

for some function G (by a dimension argument). We can determine G by evaluating on a
basis; i.e.,

0 d
_ 1
G =dFiA-ndF (Wﬁ)

(0
= Fl -
det(d (aXJ))
:det(%axj)
= det(DF),

where D is Lee’s name for the Jacobian determinant; this is the differential when ex-
pressed in the standard basis for IR™. O]

Exterior Derivative

Start out by working on an open subset U c R™. A smooth k-form is then a linear combi-
nation of terms like . .
w =fdx'" A--Adxt, feC™(U).

Then define dw = df A dx!1 A--- A dxix, where df is the differential of f; it is a covector field
on U, ie. df e T*U.

Proposition 11.3 (Properties of d, 14.23). Consider d: Q%(U) - Qk+T(U).

(a) dis R-linear
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(b) If w is a k-form, then
d(wan) = (dw) an+(-D*w A dn

(c) d*=0

(d) doF*=F*od

Proof. (a) By definition

(b) Let dx! = dxi1 A--- A dxik. Then

d(u dx! av dx)) = d(uv dx! A dx))

= d(uv) A dxt A dx]
= (vdu+udv) ndxtady
=vduadxrdx) +udvadxtadx
= (dunrdx) A (vdx)+ (-1 u dx! A (dv A d¥))
= d(uwdx") A (vdxd) + (-1)*u dxt A d(v d¥))

(c) For 0-forms, let’s look at R? first for simplicity. Then df = g—idx + g—;dy, and

d*f = d(df)
(gj;d +aizz;;dy)/\dx+---
a?(a dy A dx +aa dx A dy
2
:( OZZ;CX axay) xAdy
=0,

by Clairaut’s Theorem. To extend to IR™, it’s the exact same idea with more notation:

d(df A dxY A=A dxie) = A2 A dxM A A dxiE

+oer df AdXT A A dP () A A de 4

(d) Take O-forms, and use that F* distributes over A and F*(du) = d(uoF).
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Homework discussion: 12-12 modified

Formula (12.10) defines an operator; the main task is to show that the result is a tensor.
The orginal problem was as follows:

Define Dv: T*(M) - T*(M) by:
(a) R-linear

(b) action on 79 = C>(M)

(c) distributes over ®

(d) action on 7

Given A € T*(M), the fact that DyA is a tensor does not tell us that DyA depends
locally on A.

Example 12.1. Take M = S, with the operator that averages coefficients with respect to
do over S'.

You have to prove from (a-c) that if A = B on a neighborhood U of p then DyA|, =
DyBl,.

Proof. Define C = A - B; then C = 0 on a neighborhood p € U. Take a bump function { =1
on a smaller neighborhood p € V c U, and supp c U. Then {(C) = 0 as a k-tensor. By (a)
then (c),

0=Dv(¥(C))
= (D\/Il)) ® C+yDyC.

Evaluating at p,
0=0®Cl, + DyClp,

and we obtain the desired statement. O]
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Exterior Derivative, reprise

Last time, we defined the exterior derivative on R™ by setting
d(fdx A A dxt) = df A dxM A A dxE, (a).

Then we derived the properties:

(b) d(w Amn) = (dw) An+(-1)48%w A dn

(c) d2=0

(d) doF*=F*od

Now we extend to manifolds.

Theorem 12.2 (Exterior derivatives on manifolds, 12.24).

Existence Define on coordinates using IR" formula, show it is well-defined under change of
coordinates.

Uniqueness Show that (a-c) (which we now refer to as (i-iii)) and
d:C*(M) - Q' (M) is differential ~ (iv)
uniquely defines d.

Proof. For existence, we take overlapping charts (U, ¢) and (V,¥). Consider w € T;M,
forp e UnV. Look at (Y")*w (living on ¥(UnV) and (@ ")*w. The map Pp~"* o p* =
(¢ op~T)* takes the latter to the former.

To show that dw is defined locally, we must verify that

¢*d((¢7) w) =P A((W™) w).
Now property (d) applies to (¢ op~1)*, since it lives in Euclidean. Hence

d(¢~"w) =d (o ) ¢ w)
= (¢od™) d(d™"w),
by property (d) on the maps between copies of R™. Applying \* to both sides, we get the
desired result and existence follows.

For uniqueness, we use a “deja vu” argument (double use of bump function). Suppose
that D: Q%(M) — Q*+1(M) satisfies (a-c) and (iv), and that we have w1, w; € wk(M) with
w7 = wj on an open set U; set w = wy - w;.

For all p € U, take a bump function \{ such that 1 = 1 on a neighborhood V 5 p and
supp ¥ c U. Thenn =P w is identically zero on k-forms. By R-linearity, Dn = 0. So
0=D(hw)
= (DVb)w+PDw (i1)
= 0=0w+Dw;-Dw; (i) and (iv),
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where the last step follows by evaluating at p. Now we work locally, so that w is a linear
combination of terms like f dx1 A--- A dx¥. But

D(f dx'' A+ A dxe) = Df A dxY A= A dxie

+---alternating terms involving d*  (ii)
=Dfadx" A--adxtc (i)
=dfadxt A-adxt (iv),
which matches our local formula. N

Relating d to vector calculus

Use interior multiplication, denoted by ix (or a funny latex symbol). This is sometimes
called “anti-derivation”. There is no differentiation going on, but there is a product rule
with (-1).

Lemma 12.3 (Lee, 14.13). (ix)? = 0 on forms, and

49w A (ixm).

ix(wan) = (ixw) An+ (-1
On X(IR3), define
B:X(R3) - Q}(R3), X ixdxadyndz

Remark. If X is a unit normal vector field on surfaces, then ix dx A dy A dz is the area form
on the surface.

Example 12.4 (Lee, 14.27). Take the field

0 0 0
X=P— — +R—
6x+ ay+ 0z’

and observe that

d(X?) =d(P dx+Q dy +R dz)

0 oP oR oP 09R
:(—Q——) dxad (———Q dyAdz+ (———) dz A dx
ox 0y 0 0x

RIS

- ox 0y/dz \dy 0z/0d 0z 0x/dy
= B(curl X).

Also define the Hodge star operator,

xC®(R3) - Q3(R3),  fwfdxadyadz
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Last time, we saw that

(R —— O'(R?)

b

OA(R?) +— O'(R?)

We also define : Q%(R3) —» Q3(IR3), f = #f = f dx A dy A dz. Writing X = P2 + Q% +RZ,
we compute that d(fX)) = xdivX.

The last two computations yield curl grad X = 0 and div curl X = 0, as consequences of
d?=0.

Moving on to the diagram on page 368, we can generalize to (M3, g) on page 426. The
Hodge start operator *: QX — Q"% can be made more general; 3 o # is another instance

of *. See problems 16-18 in Chapter 14; there is also a relation to V, see problem 2-3 from
Chapter 17.

Invariant Formula for d

See propositions 14.29 and 14.32. These are useful when you want to work in a frame
that’s not a coordinate frame (i.e., doesn’t commute). The main advertisement is Lie
groups; the basis for the Lie algebra need not commute.

In general,

d(U(X],---, Xk) = Z (_] )”jw([Xi,X]-],X],---, ki/"'/ kj/"'; Xk)

T<i<j<k
k .
S (=1 X5w(X, ...I§Z]., c, Xi)
j=1
and this can be taken as the definition of d.

Proof. Let Dw be the operator on the right side of the equation. First, show that Dw is a
tensor. Then, evaluate each side at a point to get equality (uses the fact that both sides are
tensors).

For k = 1, we know that Dw is alternating. Hence it suffices to consider
Dw(fXy,Xz) = fX1(w(X2)) - Xaw(fX1) - w([fX5,X3])
= X1 (w(X2)) - (X2f)w(X) = X (w(X1)) = fw([X1, X2]) + (XF2)w(X7)
= wa(X1,X2).
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The same manipulation goes through for large k, but you've got to keep track of things.

Now we show that dw, = Dw,,. From before, they are both tensors and linear on w.
Since they are tensors, we can work locally to establish the result. Thus we take w = u dx!
with I an increasing multi-index, and show that they agree on the fields a ; for another
increasing multi-index J. So we just show that

d d
Dw(a_xl)‘ - dw(axl)

and now the result follows. O]

MNlustration of the book’s proof for verifying the exterior derivative of w = u dx'1 A dxi2:

dw( G ) i OU (ki1 iz)

oxJ1” iz 9xJs3 ! xk (J1 J2.43)
( 2 9 2 ) i = ou
oxJ1 " axJ2” 93 oxir Jp

Note that the “correction” term vanishes, since we’re working on a coordinate frame.
Now 5}d = 0 unless k = j, for some p, and the other two j indices are in L. In these cases,

ékI ( 1)p 16k1

iplp

This is non-zero only when k = j,, when it equals (-1)P~! 6% . Thus the two expressions
P

are the same.

Lie Derivatives of Forms

Theorem 13.1 (Cartan’s Formula). Ly = iyd + diy

Proof. For k = 0, it is trivial (since iyf vanishes). Now for the inductive step, write any
k > 1 form as a sum of terms du A B. Then use Ly(du) = dLyu (which we proved in
Chapter 12). O



Lecture 14: April 30 14-1

Math 546 Manifolds Notes by Avi Levy
Lecture 14: April 30

More complicated foliations

Example 14.1 (Lee, 19.18). 19.18(g) “leaves” are submanifolds that are not all diffeomor-
phic.

For Lie subgroups H c G, the cosets of H are a foliation.

Smoothness of a distribution D:

Lemma 14.2 (10.32). Local frame condition for smoothness of submanifolds.

Example 14.3 (19.1 d). This is the first example that’s not tangent to a foliation. Consider

the global frame X = L +y2,Y = %.

Proof that it’s not tangent. To show it’s not tangent, start with any ball B around (0,0, 0).
For each point (a,b,c) € B, there is a piecewise smooth curve with segments that are
integral curves of X or Y going from (0,0,0) to (a, b, c). Indeed, it suffices to get to (0,0, c);
to do this, make c = d? for d > 0. Then follow Y to (0, d,0), follow X to (d, d, d?), follow -Y
to (d,0,d?) and then follow —X to (0,0, d?).

Similarly we can go to all the other points. O

There is some argument here about non-existence; if it were tangent to a foliation, we
couldn’t fill up the whole IR3 for countability reasons: this is another reason why it’s nice
to have second-countability (the first and major reason is for partitions of unity).

Ball rolling without slipping: position and orientation of ball, so state space is R? x
SO(3) which is a 5-dimensional space. But the constraint is 2-dimensional.
Frobenius Theorem
Nice properties for a distribution D, tn order of increasing niceness:
(a) Through every p, there’s an integral submanifold (D is integrable)
(b) If X,Y are sections of D, so is [X, Y] (D is involutive)

(c) At every point, there is a flat chart (i.e., where (%) is a local frame for D) (D is
completely integrable)

These are all equivalent! By the Frobenius theorem (filling the crucial step (b) implies (c)).
Notice that (c) implies (a) is immediate, and (a) implies (b) by naturality of Lie brackets.
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Proof sketch of Frobenius. Work locally; choose a local frame for D, and then modify the
elements in the frame so that the elements commute. Then we use the canonical form for
commuting vector fields to get our flat local coordinates. If you have a rank-k distribu-
tion, then you can pick a set of n — k coordinates so that the (n — k)-coordinate plane that
corresponds to them is transverse to D. (Use a linear algebra lemma from the appendix)

Reorder so that the n — k coordinates are last, and project onto the first k coordinates.
Now just lift the basis coordinates up into D, and show that those will give the desired
plane. O
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Frobenius Theorem 19.12

D is involutive implies it is completely integrable.

Proof outline from last time. Since the conclusion is local, work in a local frame (X;) for D.
Pick coordinates so D projects bijectively onto a coordinate plane (a?d )kk. Then lift the
coordinate vector frame to a commuting frame for D. The canonical form for commuting

vector fields gives a flat coordinate chart. O

We illustrate these steps with an example.

Example 15.1. Frame for D ony > 0 is

20
Y Tz
S22l
Y ay 0z

Then [X, Y] = —yX € D (then use a lemma to extend this to all vector fields in D).
Choose 7(x,y,z) = (x,y). Then

0
dm(X) = U&
0
dT((Y) = yza

These could be much more complicated, but the point is that since they are linearly inde-

pendent, you can solve them for a%/ %. Once these are solved for, apply (d7T|D)_] togeta
new frame for D.

In our example,

~1( 0 1
_1( 0 1

These fields depend smoothly on g, and they commute (we can just check by hand). In
the theorem, we use naturality of brackets to show this; V is mt-related to &, and likewise
for W; so dn([V,W]) = 0. Now drp is injective. Thus since [V, W] € D, it follows that
[V,W]=0.
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In this example,

vo0,20

ox Yoz
_ 0 _x9
oy yloz

For commuting coordinates, we need to flow out along a space complementary to D.
Since n = 3 and k = 2, we need to start with a 1-dimensional submanifold. Choosing a
fiber of 7t will suffice; so set

S={(0,1,c):c e R}.

The flow of V starting at (0, 1, c) has parameter s. Then

X
Y
z

e in @ =

which yields the flow
(x,y,2) = (s,1,ce’).
Now we flow out along W from this point, using a new parameter t.

x=0
y=1
yZ
which is a little more nontrivial; an intermediate computation is z = —ﬁ, whereupon

z = ceSexp (13 - s). This gives the integral submanifold

(% y,2) = (5,1 +t,ce/ ) = (s,t,0) = (x,y = 1,2¢7M).

Note that the graph of z = ce*/Y, is an integral submanifold of D.
There is an application to homogeneous PDE theory:

Suppose Xf = 0 = Yf, with initial conditions (0, 1,z) = g(z). To solve this, extend f off S
to be constant on integral submanifolds. Then f(x,y, ce¥/Y) = g(c), so f(x,y,z) = g(ze™*/Y).

Distributions in terms of flows

We can give D the local frame Xy,---, Xx. In a dual manner, we could specify 1-forms
w!, .-, w" ¥ such that
n-k .
D= () kerw.
j=1
Condition for involutivity in terms of forms? Well, the information in [X;, X;] should be
encoded in dw/.
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Definition 15.2. A p-form n annihilates D on some set U if
nVy, -, Vp) =0, vVi,-, Vp € D.
This is a weaker condition than iyn =0 forall V c D.
Definition 15.3. The annihilator of D is
I(D) = {n € Q*(M):n annihilates D}.
Let {w!}* be a defining set of 1-forms for D.
Lemma 15.4 (Lee, 19.6). n € (D) if and only if 1 = Y1 wt A Bt for some forms Bt.

Proof. = Ateach point, we must make a local argument. Expand the coframe {w!}1*
to {w'},, and choose a dual frame (E;). Suppose 1 is a p-form. Thenn = Y nw’.
Then the last k fields E; are a frame for D. After plugging the frame E; into the
annihilator condition, it follows that n; = 0 when all indices in I are > n - k. So we
get the result because the only non-zero have an index from the first n - k.

< This is immediate, since w' A B! vanishes on any collection of vectors in D.
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Recall some definitions from last time:

1. Local defining forms for a distribution D: linearly independent set {w'}i<, x of
1-forms on an open U such that

Dy= ) kerwl, vgel

j<n-k

2. Annihilator of D: This is the set
[(D) = {n € Q*(M):n annihilates D}

Lemma 16.1 (Lee, 19.6). n € I(D) holds if and only if for any set of local defining forms
(wh)icn_x for Don U, o .
Nu= Y w'ApRforsome e Q*(U).
isn-k
Proof of »: 1(D) is an ideal in Q*(M); this means I(D) An c I(D) for any form n. O
Proposition 16.2 (Lee, 19.7). D is involutive precisely when

{ifn is a 1-form in (D), then dn € (D)}

Proof. Write dn(X,Y) = X(n(Y) - Y((X)) =n([X,Y]). Then for X,Y € I'(D) and n € I(D),
this reduces to dn(X,Y) = n([X,Y]).

= If D is involutive, then [X, Y] € I'(D), so right side is 0.

< In particular, it is true for defining 1-forms X,Y € I'(D). Then 0 = dw(X,Y) =
w'([X,Y]) fori<n -k, so [X,Y] takes values in D.

O]

Combining 19.6 and 19.7 yields the follows proposition:

Proposition 16.3 (Local coframe criterion for involutivity). Suppose that (w')i<— are local
defining forms. Then The following are equivalent:

1. D is involutive (in domain of the frame)
2. dwte (D) fori<n-k

3. dw' = Tjcn kWl A o for smooth 1-forms o
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Definition 16.4. Anideal I c w*(M) is called differential when dI c I

Proposition 16.5 (Lee, 19.11). D is involutive if and only if 1(D) is differential.
Proof. = Use 19.6. Then for 1 € I(D), we can writen = ¥, w' A . Apply d, so that
dn=> dw'Ap'-w'Adp) e I(D),
where we have used the result of 19.8 and that I(D) is an ideal.

< This follows from 19.7, since the condition implies the result for 1-forms, so 19.7
applies.
O

Integral submanifolds and foliations

Recall the following definition:

Definition 16.6. An immersed submanifold S ¢ M is called weakly embedded (or initial)
if for every smooth map f: N — M such that F(N) c S, the map F:N — § is smooth.

Proposition 16.7 (Lee, 19.17). An integral submanifold H of an involutive distribution on M is
weakly embedded.

Why H? This is anticipating theorem 19.25, which says that Lie subgroups are weakly
embedded.

Proof. The key is to use flat charts for D.

M
/ ]\immers ed
H

N_—

Initially, the bottom F is just a set map. We must show it is smooth. So take a flat chart
(U, ¢) and coordinates x',---,x*. Then (%) span D at points in U. THen Hn U is con-
tained in countable many slices where xk+1 ... x" are constant.

Consider p € F-1(U) = F-1(UnH). Take a connected neighborhood V of p. Then F(V)
is contained in a single slice. Near p, Pl for j > k is constant. Hence (F',---, F¥) give a
smooth composition of F as a map into H. O
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Extending from local to global

We want to extend integral submanifolds to maximal connected domains. The collection
of all such maximal submanifolds turns out to be a foliation.

Definition 16.8. A foliation of M is a partition of M into connected, immersed k-submanifolds
(k fixed), called the leaves of the foliation, such that for every p € M, there is a coordinate
chart at p that is a flat chart for the foliation.

(U, ¢) is a flat chart for a foliation if each (x!,---,x¥) slice in the chart is contained in a
single leaf.

Proposition 16.9 (Lee, 19.19). The set of tangent vectors to a foliation is an integral distribution.

Conversely, given an involutive distribution D, given a point p € M let’s consider a
subspace

N ={JNg, N is a connected integral submanifold of D containing p.
04

Locally, this looks like a manifold (since it gets its structure from the N). But is it too big?

Lemma 16.10 (It can’t get too big, 19.22). N has a unique manifold structure that makes it an
integral submanifold of D.

Theorem 16.11 (Global Frobenius). The collection of all maximal connected integral submani-
folds of an involutive distribution is a foliation.

Easy parts of proof of lemma. For uniqueness, we use a result from chapter 5. If we get any
such structure, it is unique by weakly embedded.

We give it the minimal coherent topology with respect to the Ny. Concretely,
U is open if and only if Un Ny is open for every «.

In other words, check Ny N Ng is open in both Ny and Ng. We're working in an integral
distribution, so we work in a flat chart for it (ultimately, it will be a flat chart for the
foliation). The rest of the properties of a topology follow routinely).

To give it a smooth structure, we use slices in flat charts again. Check smooth compat-
ibiility, immersion into M and integral submanifold of D. O
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Technical remark on flat charts: they are defined so that the image ¢(U) is a cube in R™.
You want the slices to be connected pieces; the image should be a product of a connected
set in R* and R™¥, and the proofs go through in this generality. But it’s just easier to
work with cubes.

We were proving lemma 19.22. Given D involutive, let N = uNy, where each N is
a connected integral submanifold of D containing a given point p. The remaining issue
was to prove that N is second countable.

Pick a countable cover of M by flat charts (Wj, ;) for D. Then N nW; is a union of
slices of W;. Since q € N, it is in q € Ny for some «. Then the entire slice has to be in
N. We will get a countable number of slices, a countable number in each Wj;, and then a
countable number of W;. Each slice is second countable, so we get the result.

Pick a slice S of a W; such that S is part of N. Pick q € S, so then q € N and hence
q € Ny for some «. Then there is a piecewise smooth curve y:[0,1] - N connecting p
to . Then y~'(W;) gives us an open cover of [0,1], so there is a finite subcover. Then
Y([tj-1,4]) © Wi,. Since the curve goes into Ny, its tangent space is in the distribution.
Thus v’ € TN, which is the tangent space to the x!,---,x¥ slice. In other words, the last
n -k components of y’ are zero. When you look at the image of this interval, it is entirely
contained in some chart, §;.

So we have produced the following. For any given slcie S in N, a finite sequence of
overlapping slices S1,---,Sm = S (without loss of generality) connecting p to S. We do this
for every slice in N. Count the slices in all of these sequences, by length of the sequence.

At length m, you have a countable number of choices for S;. Then S; is a manifold.
Now for any i, S1 nW; is a union of open sets, each in 1 slice of W;. Now for S,, there
are a countable number of slices in each W;, and a countable number of W; choices. So
there are a countable number of choices for S,. Similarly, there are a countable number
of choices for S3, -, S,,. Taking all the choices into account, there are a countable number
of total choices in determining a sequence of length m. So the total number of choices
is a “sum” of the countable number of choices at stage n; this is still countable. Hence
there are only countable many slices S; that are accessible from p. Thus we end up with a
second countable space.

Comments about the leaf space/quotient topology

Even though we haven'’t yet talked about smooth quotient manifolds, we can say some
things about the quotient topology being badly behaved. Essentially, the “leaf space”
(M/F) may be really nasty. For example, consider the dense line on the torus; then D is
spanned by % + oc%, for «irrational. By Frobenius there is a local solution, but in general
you wouldn’t expect to get a global solution. The space is very non-Hausdorff.
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In Example 19.23 (f), we have the secant curves rotated around. In the leaf space, you
can’t separate the vertical lines by open sets; so it is non-Hausdorff, but in a “less-bad”
way than the dense torus line.

Applications to Lie groups

Let G be the Lie algebra. Use global frobenius theorem to complete the proof that there is
a bijection between Lie subalgebras and connected Lie subgroups of G. By theorem 8.46,
each connected Lie subgroup H of G leads to the Lie subalgebra T.H (the left invariant
vector fields on H).

Theorem 17.1 (Lee, 19.26). Given a Lie subalgebra t c g of a Lie group G, there is a unique
connected Lie subgroup H c G whose Lie algebra is b).

Proof. The subalgebra gives a smooth distribution (take all the vectors at the identity and
translate them everywhere). Now we show that this distribution is involutive. Pick a
basis of h; then it’s a frame for D that is closed under brackets. Let H be the maximal
connected integral submanifold of D through e.

Now we cite the following proposition:

Proposition 17.2 (Lee, 19.23). If $: M — M, then an involutive distribution D is invariant
under ¢ if and only if the leaves of the foliation are invariant.

After the proposition, we make two short computations to show that H is closed under
multiplication and inversion. So we have a group.

To show smoothness of the group operations, start with i:H — G. Since its image lies
in H and H is weakly embedded, we can restrict the codomain to obtain a smooth map.
The same argument works for m, so we actually have a Lie subgroup.

Now for uniqueness, observe that any connected subgroup H with this Lie algebra is a
connected integral submanifold of D. By maximality of H, it follows that H ¢ H. Working
on a neighborhood of the identity (in our flat chart), then H contains the neighborhood of
the identity in H. Hence H contains a neighborhood of e in H. For topological group, this
was a test problem from fall quarter. But if you look at Proposition 7.14, it follows that
H=H. [
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PDE'’s

Homogeneous PDEs. Find u such that Xu = 0, Yu = OE, if you're given u on a submanifold
“complementary” to a foliation. We discussed this for the example used in the proof of
Frobenius. At the end of the example, we had (0, 1,c) for c € R.

Also recall Example 19.1 (d), which was our first non-integrable distribution:

0 0
= "Yaz
y. O

ay

We showed that there is a piecewise smooth y such that y’(t) € D for all t, and connects
(0,0,0) to any point.

There’s a related homework problem 19-6; if there were a leaf for this folation, it would
have to include every point in IR3; points joined in this manner must belong to a single
leaf if the distribution is integrable.

If the distribution is integrable, you can count dimensions. Otherwise, it might be that
you have less freedom than you think. In this case, the only solutions to Xu = Yu = 0 are
constant; this is less than the n — dim D “degrees of freedom”.

Proposition 18.1 (Lee, 19.27). On R™, suppose that Xu = f1 and Yu = f,. Then we need
[X,Y]u = Xf, - Yfy,; moreover, if those conditions are satisfied, then this is an integrable dis-
tribution. Hence you can find the commuting coordinates and use them to solve the differential
equation.

Proposition 18.2 (Lee, 19.28, 19.29). The idea is to find the graph of the solution as an integral
submanifold of a distribution on a higher dimensional space.

This has an application to Riemannian geometry; this is the method of solution (i.e.,
saying that a distribution is involutive). In the second volume of Spivak’s six volume se-
ries, he goes over six proofs of this. Debauche indices, moving frame, Koszul connection,
Levi-Civita, and then Frobenius.

Example 18.3.

ou
ox!
ou

32 = ocz(x1 X2, u(xz, xz))

= (x1 ,xz,u(xz,xz))
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Englarge to three variables (x1 , X2, u); make a distribution on R3 whose integral submani-
folds are graphs of solutions to our original problem. We need the mixed partials to agree,
which leads to the conditions

0 X1 0 X 0 X2 0 X2
3 + Xy = 1 + X1.
ox- ou ox! ou
Then we construct a distrubtion from % + oq%. The naive necessary condition turns out

to exactly be the statement that the distribution you get up in R? is involutive.

That’s the overall idea of the Frobenius Theorem: you put the naive constraint on
solutions, and it turns out that that is sufficient!

The exponential map

Recall from the 545 final that we had a map
exp: M(n,R) ~ gl(n,R) > M(n,R).
Initially, this was a map on the same space:

o) Ak
expA =) R
o K

You can show that the image ¢ Gl(n,R), because e*e~* = Id (since |A| < o). Similarly,
eSAQtA _ p(stt)A_
Proposition 18.4 (Lee, 20.2). The map

tl—>€tA

is a Lie group homomorphism into GL(n, R).

Very rough. We use uniform convergence of e for bounded A. Next, e!? is an integral
curve for the left-invariant vector field corresponding to A € T.GL(n,R) ~ M(n,R). Then
we show £ (ethe~t4) = 0, and from there we get an inverse. O

Definition 18.5. A one-parameter subgroup is a Lie group homomorphism y:R - G.

Note that a one-parameter subgroup is not a Lie group, but its image is a Lie subgroup
of G.

Here’s out plan: For each X e T.G/g, we get a one-parameter subgroup yx as an
integral curve of the left invariant vector field X such that yx(0) = e. Then we define
exp(X) = yx(1). This is a very pointwise construction; at first, it feels like there’s no hope
for it to be smooth.

However, we show that exp is indeed a smooth map:
exp: TG — G, yx(t) = exp(tX).

There are lots of other nice properties. It even turns out that the right multiplication by t
gives you the flow of X!
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Theorem 18.6 (Characterization of one-parameter subgroups, 20.1). They are the integral
curves of a left-invariant vector field.

Proof. Given a maximal integral curve yx(t) of a left invariant vector field on X, show it’s
a Lie group homomorphism. By Theorem 9.18, X is complete. Let 0 be the flow of X. Then
L400¢ =0t oLy. Consequently

Yx(8)-vx(t) = 0s(e)-0t(e)
= Lo, (1)0:(e)
=0¢ (Lo (e)(e)
=0¢(65(e))
= 0ss(e)
=yx(s+1).

Conversely, suppose that F:R — G is a one parameter subgroup. Now consider the field 2
on IR; it is left-invariant, so dF (%) is left invariant on its image. Extend to a left invariant
vector field such that y. % = X, s0 v is an integral curve of X. O
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Lie algebras and Lie groups have lots of structure, and therefore lots of identifications -
which can be confusing. As before, 1-psg is shorthand for a one-parameter subgroup.

V. space iso. |
TeG «— Lie(G) c X(M)

TeG < Lie(G) c X(M). If you have a left invariant vector field X, you can identify it with
Xe. She may write just X for X, (especially in this context).

Also Lie(G) = g is not an identification, it is just two different notations for the same
thing.
Definition 19.1. exp:g - G, given by X » y(1) = exp X.

exp is often thought of as a map from the tangent space at the identity into the group.

For X € g, let v be the maximal integral curve with y(0) = e. Then vy is a 1-psg corre-
sponding to X.

Also used in other areas, for instance in Riemannian geometry to get from a vector to a
geodesic. If you pick the right metric on a group, then it turns out to be the same thing. All
came from exponentiating matrices, which came from solving constant coefficient ODEs.

Every vector space is a manifold. So we can consider the differential of the map
exp: TeG - G:
d(eXp)oiTo(TeG) - T.G.

But T,V ~ V for any vector space (since vector spaces are flat). Hence Ty(T.G) ~ TG, as
we’ll see in a bit.

Lemma 19.2 (Lee, 20.5). exp(sX) is the 1-psg y(s) generated by X.

Proof. Let 0 be the flow of X, so 0(t, e) is a 1-psg for X. Similarly, 0 is the flow of sX, so
0(t, e) is a 1-psg for sX.

By the Rescaling Lemma (9.3), 0(t, e) = 0(st, e). Evaluating at t = 1 yields exp(sX) =
v(s) (the integral curve of X starting at e). O

Let 0(x)(t, g) be the flow of X. We also write this as egi)) (t), thought of as an integral
curve in t.

Proposition 19.3. (a) exp:g ~ T.G — G is a smooth map
(b) exp((s+1)X) =exp(sX)exp(tX)
(c) (expX)~! =exp(-X)
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(d) (expX)" = exp(nX)
() (d(exp))o = 1d: Tyg = To(ToG) = TG — TG

(f) exp is a local diffeomorphism at the origin; in other words, exp is a diffeomorphism from some
neighborhood of 0 in T.G to some neighborhood of e in G.

(g) If ® is a Lie group homomorphism ©: G — H, then we have a commuting diagram

(h) e(X) (t/ g) = Rexp(tx)g

Proof. Note: (b) and (c) are immediate from Lemam 20.5; they imply (d). The Rank Theo-
rem and (e) imply (f).

For (a), we use the same trick as in the proof of 8.37 (showing that left invariant vector
tields are smooth). The idea is to enlarge your space, get an obviously smooth operator
on the larger space, and get one of its derivatives to be the object under consideration.

So work in G x g. The vector field tangent to each slice is G x {X}, which is X on that
copy of G. So we define a vector field, =, on G x g. We show its smooth by acting on
smooth functions f € C*(G x g).

Now since = is smooth and all flows on a Lie group are complete, it has a global flow
O:R x G xg— G x g. We claim that

@(t/ g,x) = (e(X)(t/ g),X).
So we compute that

%‘O (e(X)(t/ 9),X) = (Xg/O) = E(QIXQ)

Then we check that
exp(X) =711 0 Of(1yxfe}xG
(71 since we're projecting down to G). It follows that exp(X) is smooth, proving part (a).
Next we prove (e); for clarity, let X e To(T.G) correspond to X, € T.G and X € g.

To(T.G) L8 1 g

!

exp
TG —— G
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In the absence of coordinates, the best way to work with differentials is with curves. So
we should represent X by a curve tX (i.e., line through origin). Now we exponentiate the

curve.
X X
|4
tX exp

— exp(tX)
But X was just a way to think of X under the right identification; so we get the identity
map as desired.

d(exp)
Plo

w‘@

Now for the proof of (g), we (very slightly) generalize the identity in (e). So we estab-
lish exp(t®.X) = ©(exp tX).
Indeed, t » @ (exp tX) is a 1-psg of H. Then

0 0
o —do. [ =
atls (exp tX) = dD, (at exp tX)

= d(De(X)
= 0,(X).

So the 1-psg corresponds to @, (X) € b, so it is exp 1D, X, completing the proof of (g).

The result of (h) expresses the annoying fact that left and right actions are completely
intertwined on Lie groups. We compute

Rexp tX9 = gexp tX
= Lg(exp tX)
=Lg(0xy(t,€))
= 00x)(t, Lg(e)) (Naturality of Integral Curves, 9.6)

= 9(X) (t, g)

This proves (h).

Closed Subgroup Theorem

This is theorem 20.12. Given a topologically closed algebraic subgroup H ¢ G where G
is a Lie group, we in fact have that H is an embedded Lie subgroup. As a corollary, an
algebraic subgroup is topological closed if and only if it is an embedded submanifold if
and only if it is an embedded Lie subgroup.
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Last time, we stated the closed subgroup theorem and its corollary (20.13). To prove
the theorem, we start by proving Corollary 20.11. It says that locally, our flows almost
commute; in other words,

lim [(exp %X) (exp %Y)]n =exp t(X+Y).

n—oo

This follows from the (second order approximation of) the Baker-Campbell-Hausdorff
formula:

(exp tX)(exptY) = exp t(X+Y) + O(t?).
For instance, see problem 20-9; the key idea in its proof is Problem 7-2, which says that the
derivative of multiplication is addition. This gives the result (after essentially expanding
a low-order Taylor series).

Outline of proof. 1. We identify a candidate for Lie(H) c Lie(G) (which we call b).

2. We show that there’s a neighborhood U of 0 € g such that
exp(Unbh) =Hnexp(U).
The picture is: we have a neighborhood of 0 sliced by a line, and exp maps it into a
curve through e in exp(U) c G.
3. We get a flat chart by pulling back b along exp~'. This gives a slice chart for H at e;
then we left translate by h € H to get the slice chart for H at h.
Overview: Steps 1 and 2 are particular to this proof, so we won’t dwell on them too

much. But Step 3 is a general technique that we will use on similar proofs. In more detail:

1. Define the subspace
h={Xegexp(tX)eH, VteR}.
To show it is a linear subspace, we use that H is a subgroup, H it is topologically

closed, and then the lemma.

2. This is the major step. Suppose there is no such U. Then there is a sequence of
points z; - 0 with expz; = hy. Split g = h @ h+. Write Z; = X; +Y; and obtain the
contradiction.

Pick an arbitrary inner product and normalize, so we’re looking at I\;_‘IYi' Some

clever analysis shows that because H is close,d exp(tY) € H for all t. Then by defini-
tionof h, Yebh.

3. We can use exp~! to get slice coordinate charts on U. Then we left translate to get a
slice chart elsewhere.

O
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Infinitesimal Generators

We have already encountered two cases; note that the flow of a vector field is an R-action.

Group Action | Infinitesimal Generator | Explanation
Flow of a complete v.f. X X ad > aX
Right G-action acting on itself Lie(G) » X(G) identity map (identifications)

We are implicitly using 20.8(h), which says that the flow 0 x for a left invariant vector
field on X is 0t = Reyp(1x). We will be interested in right actions (also in the next chapter
about homogeneous spaces). There is this interplay between left actions and right actions
that is unfortunately baked in.

For a right action of G on M,

MxG— M

(p,g) ——7p-g.

Sometimes we will omit the -

Definition 20.1. The infinitesimal generator of 0 is
A N d
0:Lig(G) —» X(M), e(X)\p =X, = 5 (Prexp(tX)).

In the book, only the map is the infinitesimal generator. However, it's common to also
say that X is the infinitesimal generator of 0 associated to X.

Here’s another perspective on 8; we use the orbit map. Consider a curve in G through
e (for instance, a 1-psg); under the action of the orbit map 0(P), it gets sent to the orbit
p- G. This is usually a proper subset of M. If the action is free, then we showed thta the
image is a submanifold. It turns out (using the results of chapter 21) that p - G is always a
submanifold.

The infinitesimal generator of 8 takes each vector in the tangent space at the identity
to a vector at p € M. So they will consist of the tangents to the orbit. In other words,

d(e(p))exe = Xp (*)

Here X € Lie(G), and therefore a left-invariant vector field on G.

The infinitesimal generator is a map from the Lie algebra over to vector fields on M,
whose integral curves are the 1-psg through e. Alternatively, we think of the vector field
associated to X as the infinitesimal generator (with respect to X).

Lemma 20.2 (Lee, 20.14). Generalization of (*) from p to all points p - g in orbit of p.



Lecture 20: May 14 20-3

Proof. First we write 0 (p-{gexptX}) = p-{gexptX}. Now take the derivative of both
sides at t = 0; consequently

0 0
S0P {gexptX))| = =p-{gexptxy)

d
= a(ng)eXthLO

R
On the other hand,
S0(p-{gexptXh)| = o] 00 (1epx)
ot t=0  Otlt=0
= (A0 (¢)dLg(Xe)
- do{P)X,.
Consequently degp)xg = Xp.g. O

Recall that p € M was arbitrary, so we have showed that X is 8(P)-related to X. Then
by naturality of the Lie bracket, X, ?]p = Wp- It’s like we're creating a bunch of partial
differential equations, for which the group action is a solution. This is why Frobenius
is about to rear its head again! The punchline of all this is that we have a Lie algebra
homomorphism.
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From last time, we had an infinitesimal generator 8: Lie(G) — X(M), given by X ~ X.

d
R 5| prew(tx)

- 46X,
o . 1w O
Intuitively, we think of it like * 39

More generally, degg)X9 = Xp.g. Then by naturality, we obtain [X, ?]p = [X,Y],. This
implies the following theorem:

Theorem 21.1 (Lee, 20.15). 8:Lie(G) — X(M) is a Lie group homomorphism.

p A 9//.
e

With the left action, it is an anti-homomorphism. Given a Lie algebra homomorphism
0:Lie(G) — X(M) such that every X is complete, is there a group action 6 for which 8 is
its infinitesimal generator?

Let’s see what could go wrong. First, consider what happens when exp is no injective.
Then exp X = exp Y for X # Y. Then 6(p, exp tX) is the integral curve of X starting at p. We
want it to equal 0(p, exp tY). Setting t = 1, they had better agree; but there is no particular
reason for this to happen!

For example, consider the circle G = S! and g = R. Take X = % on M = R2. Then
0: % > X = %. Think of X = % as a basis for T;S'. Then we get a contradiction, because we
can flow around 7t or —7t units and end up in the same place, but in R? we end up moving
in two different directions.

Theorem 21.2 (Fundamental Theorem of Lie Algebra Actions). Given a simply connected
Lie group G and a Lie algebra homomorphism 8:Lie(G) — X(M) such that every X € Im(8) is
complete, there is a unique smooth right G-action 8 on M with infinitesimal generator 9.

Outline of proof. The idea is to construct an orbit map 0(P)(g) by finding its graph as the
leaf of a foliation for an integrable distribution. Then we check the result is a group action,
smooth, and is unique.

On G x M, consider the distribution

{(Xg/ip)(g,p)/ VX e g,p€ M/g € G}

Since it’s a Lie algebra homomorphism, the distribution is involutive. Now we show
that the leaf S, through (e,p) is the graph of a function from G to M. We will show
that 7,:Sp, — G is a surjective submersion, find its local sections, and show that it is
evenly covered. Hence 7, is a covering map of the simply connected space G; thus it is a
diffeomorphism (by universality of simply connected spaces).
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Pick a neighborhood U of 0 € T.G such that exp|y:U = V for a neighborhood of
e € G. Now consider Lg:(e,V) - (g,gV), with local section gexp(X). Then we get
(gexp(X),mg(1,q)) (you flow the expected amount to get it to work). The last step is
to show that no two such sections intersect (unless they coincide; you first show the x has
to be the same, then use backwords flow to get the same q; we’ve done this argument
on past homework problems). Thus we proceed to the last step, and use universality to
conclude its a diffeomorphism.

Define 0(P)(g) to be the point in S, above g; that is, if (g, q) € Sp thenp- g = q. We need
to check that it’s a G-action. The interesting part is showing that it’s multiplicative (which
amounts to saying that S,.q is sort of a translate of S;,). The trick is to consider ¥4(g’,7) =
(gg’,7). Then ¥y leaves the distribution invariant, so d¥g: (Yg/,XT) = (X\gg,Xr). Hence
Yy(e,p-g) =(9,p-9). But (e,p-g) € Sp.g, and similarly fro S,,. Since ¥ leaves the leaves
invariant, Wg:Sp.g = Sp.

It follows that (g’,7) € Sp.¢ if and only if (gg’,7) € Sp. Butthen (p-g)-g’=7v=p-(g9’),
as desired. To show it is smooth, consider exp |y: U ~ V. Let 1 = (exp|u)~". Then M x V =~
M x U c M x g, where the vector field =(p, X) = (X\p,O) (there is a typo in the book that
says 5(\9 ; the g is incorrect and should be p). The flow is

(g (t,p), X): RxMxV2RxMxUcRxMxg— Mxg

(tp.g): > (g (4 p), X).

Then follow the same argument for smoothness as before; restrict to t = 1 and project
down to M, so (p,g) e (t,p) = p- g (which is smooth on V). Now apply the general

principle that Lie groups look the same everywhere; so translate from the origin and we're
done. 0
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Last time, we proved the Fundamental Theorem of Lie Algebra actions [Lee, 20.16] Given
0:Lie(G) — X(M) with all X complete and G simply connected, then there is an action 0
that induces it.

As a consequence, we have Theorem 20.19: If G is simply connected, then every Lie
algebra homomorphism ¢:Lie(G) — Lie(H) is induced by a Lie group homomorphism
O:G - H.

Then there is the Lie correspondence (20.21) between isomorphism classes of finite
dimensional Lie algebras and isomorphism classes of simply connected Lie groups. She
won’t talk about this nor the Normal subgroup/Ideal correspondence.

Local Lie groups

Local Lie groups are like flows for incomplete vector fields (where the group is R). This is
included in the text for historical interest. When mathematicians started getting the ideal
of manifolds, it was with Riemann surfaces in complex variables. Local Lie groups are
not directly studied currently.

The “spirit” of Local Lie groups appears in the study of PDEs: the “semigroups” (wait
a minute, she just described groupoids - the multiplication is only partially defined).

The Adjoint Representation

G acts on itself by conjugation: C4:h - ghg~'. This fixes e, so (dCg)e: TeG — T¢G is a map
from g — g. Hence we have a representation of G on its Lie algebra.

Ad:G - GL(g). CA(B) = ABA~! which is linear in B, so (dCx).Y = AYA~!. Differenti-
ating “with respect to g” (so to speak),

d(Ad)e = Ad.:g - gl(g)

(lots of g’s, lots of structure)
For a matrix group, what even is this?

A(Ad)o(X)(Y) = %  (exp OO Y(exp-tX)

for A€ G, Y e Lie(G) ~ TG, and the thing we're differentiating is just Adexp txY. One can
take as the definition of ad

ad(X)(Y) = (d Ad)e(X)(Y) = [X,Y]
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The moral of the story is that if you forget something, do it for matrix groups where the
computations are easy (then it will hold on all Lie groups with suitable generalization).

There are two adjoin maps! Don’t “confabulate” them together (her words).

Theorem 22.1 (Lee, 20.27). Extend the last result on ad to all Lie groups.
Proof. The flow of X is Rexptx and right/left translation commute. H

Lastly the map g — gl(g), X — [X,] is a Lie algebra homomorphism. Either do this
using 20.27, or observe that it’s just the Jacobi identity. Nothing else to say here, moving
on to the next chapter!

Chapter 21

Assume G is a Lie group acting continuously on a manifold M. Recall that M is locally
compact Hausdorff; for most results, we won’t need smooth.

Overview of main results:

Theorem 22.2 (Quotient Manifold Theorem, 21.10). Given a free proper action on a smooth
manifold M, then M/G is a topological manifold of dimension dim M - dim G and has a unique
smooth structure such that : M — M/G is smooth.

Now two results on homomogeneous spaces (these are smooth manifolds M with a
smooth, transitive G-action.

Theorem 22.3 (Lee, 21.17). If H is a closed subgroup of G, then we get the results of 21.10 for
G/H. Furthermore, a left G-action on itself descends to G /H (making it a homogeneous space).

Theorem 22.4 (Lee, 21.18). Every homogeneous space is of the above form.
Proof. Pick p € M, and consider the map G/G, - M givenby g-G, = g-p. O

Big result 3: Constructing homogeneous spaces from a set X with a transitive group
structure.

Proposition 22.5 (Lee, 21.20). If for some p € X, Gy is closed, then there is a unique smooth
manifold structure on X such that the action is smooth.

Lastly, we talk about applications to Lie groups (projective space, grassmanians, and
flag varieties).
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Starting the chapter

The key tool for all this is the proper action. It answers the question: what condition for a
group action on a locally compact hausdorff space X will make X/G Hausdorff?

Let’s look at two examples of R acting on R?. There is translation: t- (x,y) = (x +t,y),
and there is the shear: t- (x,y) = (x +yt, y).

The coset space of the first is just R, whereas the second is emphatically NOT Haus-
dorff; it is the line with uncountably many origins!

Intersect with a compact set xIR.
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Last time we gave the following definition:

Definition 23.1. A continuous left action 6 of a topological group on a topological mani-
fold M is called proper if 6 x Id is a proper map.

Proposition 23.2. Consider a Lie group acting continuously on a manifold M. The following are
equivalent:

(a) © is proper

(b) Given p; — p and gi-pi = q € M, then {g;} has a convergent subsequence

(c) Given compact K c M, then

{g e G:g-KnK# @} is compact.

When people started thinking of proper, they formulated something similar to (c);
indeed, it can be built up by starting with a single point (free) then finitely many points
(so no bad convergence issues) and finally extending to compact.

Proof. Last quarter we proved that (a) and (c) are equivalent, but now we do it again.

(a) = (b)

(b) = ()

(€ = (a)

Consider a sequence A = {(gi,pi)}. Then 8 xId(A) converges, so eventually 6 x
Id(A) c V x U, where V, U are precompact neighborhoods of p, q. Hence the tail of
A belongs to (0 x Id)~"(V x U) which is compact. Thus g; = 7t;(gi, p;) is compact, so
it has a convergent subsequence.

Consider a sequence {g;} ¢ Gx. Then for each i, p; € gi n K. Hence both p; and
9{] -pi € K. By compactness of K, {p;} has a convergent subsequence. Restrict
attention to those indices, and consider the corresponding g; ' -p; € K. In this manner
we obtain a subsequence on which they both convergence; hence g, converges, as
desired.

Given a compact L ¢ M x N, define the set K = 7ry(L) um,(L). Then L ¢ K x K which
is compact. Hence

(0xId)"(L)c (6x1Id)"(KxK)c Gk xK,

which is compact. Then (6 x I)~'(L) is a closed subset (by Hausdorff) of a compact
set, and is therefore compact.

]
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Corollary 23.3 (Lee, 21.6). A continuous action of a compact Lie group is proper.

Corollary 23.4 (Lee, 21.8). If an action is proper, then all of its stabilizer subgroups G, are
compact.

Lemma 23.5 (Lee, 21.1). The quotient map M - M/G is open.
Proposition 23.6 (Lee, 21.4). If G acts continuously and properly on M, then M /G is Hausdor(f.

We omit the proofs because they are easy and we did them in ITM! Note that all these
results hold in the topological category (and therefore in the smooth category).

Proposition 23.7 (Lee, 21.7). 1. 0®) is a proper map
2. G-p=Im0® is closed
3. If Gy =0, then G - p is properly embedded in G

Proof. 1. Givena compact K c M, 8(P)(g) = g-p € K< g € Gyyyp)- By the (c) character-
ization of proper, 8(P)~1(K) is a closed subset of a compact set, and hence compact.

2. Proper maps are closed

3. It is the image of a proper immersion, and hence by chapter 5 results it is properly
embedded

O

Theorem 23.8 (Quotient Manifold Theorem, 21.10). Given a group G that acts smoothly,
freely, and properly on M, then

1. M/G is a topological manifold of dimension n = dimM -dim G = m -k
2. M/G has a unique smooth structure such that 7: M — M/G is a smooth submersion

Proof. Uniqueness of smooth structure follows from uniqueness of smooth quotients.
Now there are two topological items to prove:

1. Proper actions mean that M/G is Hausdorff

2. The quotient map is open, and a basis pushes forward to another basis (prove it);
thus M/G is second countable

The image of 8 spans an integral distribution D on M, whose orbits are integral sub-
manifolds.

Indeed, the free action @(g)\p = T,(G - p) has constant dimension k. Pick a (vector
space) basis for g; then they push forward to a global frame for the subbundle D of M.
Now those vector fields will be 8(P)-related to the vector fields on g, so their brackets will
still vanish. Hence 8 is a Lie algebra homomorphism, so D is involutive, and therefore it
is integrable by Frobenius.
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Now fix p € M and choose a flat chart U around p. The k-slice through p would is
entirely contained in G- p (by a connectedness argument). We want for every q, Un (G-
g) is either empty or an entire k-slice. Then we could use the coordinates on Y as the
coordinates on our quotient space. If this occurs, we call U a “G-adapted” chart.

We assume that U is G-adapted for now, because that is the hard step in the proof.
Now use (x¥*1,--,x™) as (local) coordinates for M/G; thus we get a topological manifold
structure on M/G.

At last, we check that these local coordinate charts are smoothly compatible (slightly
more tedious). ]

A little word about the proof of the hard part (which we will do next time): We start
from Y and flow out using the group action. We don’t know that it’s nice for the entire
group, but we’ll find a neighborhood X around e € G such that 0 restricts to a diffeomor-
phism from X x Y to a neighborhood of Y in M.
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Last time, we did most of the quotient manifold theorem (21.10). To finish the proof, it
remains to show that every p € M there is an adapted chart. This means it is flat for the
foliation by the connected components of the G-orbits, and G-qn U is “all or nothing”
(either empty, or a single slice). This gives us our local Euclidean structure on M/G at
G-p.

Finishing the proof (hard part). The idea is to do a “flowout” from Y, where Y is a k-slice.
Look at d, p,; restrict 0 to {e} x Y. When you restrict the flow, you obtain 7t,. Hence

de(e/p)i {O} X TpY nd TpY.

Restrict 0 to G x {p}; then
d0)|(¢,p): Xe = Xp.

The set of all such vectors is the tangent space to the orbit at p, which is T,(G-p) = Dj.
Hence df . ,,) is surjective.

Now let 0 be restricted to G x Y. The image of the differential at (e, p) is all of T,M;
hence by the Rank Theorem, there is a neighborhood of (e, p) on which (the restriction of)
0 is a diffeomorphism. Shrinking if necessary, we can get a product neighborhood X x Y
and a diffeomorphism 1 on X x Y.

Since 1 is a diffeomorphism, it is injective. Then if g,g’ e Xand g-Yng'-Y # @, we
must have

b(g,Y)nb(g"Y)#0 — g=¢"
Note that this statement is not explicitly written in the book’s proof; things are much
clearer once you write this down.

The proof goes by contradiction. Assume that there is no adapted neighborhood cen-
tered at p. Then we can inductively build sequences p; € Y and q; = gi-pi € Y with
coordinates bounded by 1/i for p;, q; in some choice of charts. By (b) from the charac-
terization of proper actions, {g;} has a convergent subsequence. Pass to a subsequence
gi > g. Then g-p =limi_, o gi - pi = limi_, » qi = p. But the action is free, so g = e.

Now for large enough i, (gi, pi) € XxY. Then P (gi,pi) = gi-pi € Y. Hence both g-Y
and g’ -Y intersect. The point of the properness argument was to get our subsequence
that converges to e; then the tail of our subsequence is in our neighborhood. Hence g; =
e, whereupon p; = q;; thus they are two different points in the same orbit, which is a
contradiction. O]

In comparison, the rest of the chapter is easy; it is just Math 544 results + smoothness.
Proposition 24.1 (Lee, 21.12). Auty E acts smoothly, freely, and properly on E.

Proposition 24.2 (Lee, 21.13). If I acts smoothly, freely, properly on E, then we geta smooth
normal covering map.
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Homogeneous Spaces

Definition 24.3. A homogeneous (G-)space or G-manifold is a (topological or ) smooth
manifold with transitive (continuous or) smooth action of G.

Theorem 24.4 (Homogeneous Space Construction, 21.17). Constructing a homogeneous space
from G/H.

Proof. Given a Lie group G and a closed subgroup H, by the closed subgroup theorem
H is a Lie subgroup. The right action of H on G is smooth, free, and proper. It takes a
moment to check proper, but the rest is clear.

Now we change all the left actions in the quotient manifold theorem to right actions.
Then we get

GxG———G

lIdG xH ln

GxG/H -3 G/H

o m descends to the quotient; indeed, right and left actions commute with one another
(that’s why we had to switch our actions). Then you check that 0 is a transitive left action.
O

Theorem 24.5 (Homogeneous Space Characterization Theorem, 21.18). These are the only
homogeneous spaces

Proof. If M is a homogeneous space, then for any p € M, G, is a clsoed subgroup (the
preimage of a single point under the orbit map).

G
[N
G/Gp > M

You check that 8(P) is constant on the fibers of . Conversely, 7 is constant on its fibers;
hence F is a diffeomorphism. Check that F is equivariant with respect tothe G actions.

]

The next proposition was point 3 from the outline; it is one of the most important
results of this chapter, in fact!

Proposition 24.6 (Lee, 21.20). Given a set with a transitive G-action, we construct a homoge-
neous manifold structure.

Proof. Take 0: G x X — X. Assume that G, is closed in G for some p € X. Then we pass to the
quotient as before, and put the smooth structure on F by making it a diffeomorphism. [
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The promised easy way to prove that the Grassmanian is a manifold.

Why the flag manifolds are called flag manifolds: suppose you have a line in R3 con-
tained in a plane. We picture this like a flag.
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Orientation (Chapter 15)

For a vector space, we can specify an orientation by:

1. one basis (E;)

2. an equivalence class of all bases that are conisistently ordered:
E;=BJE;  detB!>0.

3. a non-zero n-covector QQ

Q(Eq, - En) > 0; Q=fe' Ane™ f>0.

On a manifold M, a choice of orientation is a continuous choice of orientation on each
T, M. The proceed is:

1. Choose local continuous frames whose domains cover M and which are consistently
oriented on their overlaps; call this positively oriented.

2. As a special case, pick an atlas of coordinate charts that are consistently ordered on
overlaps.

Proposition 25.1 (Lee, 15.5). If M admits a consistently ordered atlas, then M is orientable.
Moreover if M is oriented, then you have such an atlas.

Definition 25.2. M is orientable means we can choose an orientation. M is oriented
once we have chosen an orientation. For short, when we say “oriented frame” we mean
“positively oriented”.

Proposition 25.3 (Lee, 15.6). If dim M > 1, then a non-vanishing QO € Q™(M) determines an
orientation of M, and if M is oriented then there is a non-vanishing Q with this property.

Proof. Suppose we're given an Q). Then we define a frame (E;) to be (positively) oriented
whenever Q(Ey, -+, En) > 0 everywhere on M. Now using the identity

Q(Fy, -+ Fn) = det(B)Q(Ey, -, En),

it follows that we have the right compatibility condition. Note that B)? is a matrix function
depending on p, but since it varies smoothly everything is fine.
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For the converse, pick an atlas of oriented coordinate charts (U, ¢«), and define
Qg =dx' A adx™
on Uy. Choose a partition of unity {1} subordinate to the U,. Then set
Q=>"PaQq.
Now Q is never the 0 n-covector, since at any point p € Uy, nUpg we consider
_O_(X(E],---,En), QB(E1/"'/En)-

Then we get positive numbers, and the same result extends to any finite number of over-
lapping charts. Hence
QP(E1/ Yy ETI)

is a weighted average of positive numbers, with at least one non-zero term {,. Hence

Note: We are technically using convexity of the positive real axis (when you average
a bunch of positive real numbers you end up with a positive real). O

In the dimM = 0 case, an orientation is a choice of +1 to each point. The reason we
mention this degenerate case is because we want Stokes” Theorem to generalize the fun-
damental theorem of calculus.

/[ ! % dt = £(b) - f(a).

This corresponds to the induced boundary orientation on [a, b]:

0[a,b] ={b} -{a}.

Orientation of Hypersurfaces

The main application will be to the boundary of a manifold. So consider an immersed
submanifold S™ ¢ M™*! with M embedded. Using forms, we have an (n + 1)-form, Q, on
M.

Proposition 25.4 (Lee, 15.21). If there is a field N along S that is nowhere tangent to S, then
(N Q) is nonvanishing on S, and is therefore an orientation on S.

™
ylﬂ
Sci—S>M

Recall that verticality means T,M = N, + T,S.
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Example 25.5. M = R3, S =52, and Q = dx A dy A dz. It follows that N _JQ is a 2-form that
gives rise to an orientation on N.

Proposition 25.6 (Lee, 15.23). If S is a reqular level set of f € C*(M) and M is Riemannian,
we can use N = grad f.

For S = 0M, recall from Problem 8-4 that there is a nowhere vanishing inward /outward
field along S; say you're given Q = dx! A---A dx™ on H™!. Then on a boundary chart, you
would use —2+ for the inward normal and -~ for the outward normal.

oxn+T xnT
We make a convention so that Stokes” Theorem becomes more elegant. Use the out-
ward normal, N = _ax%' on the boundary, when inducing the boundary orientation. For

example, consider a 3-manifold with boundary like H3. Then

0
_FJdX] Adx2AdE = —dx! A dx2
X

The minus signs come from the fact that we interior multiply on the first slot, but work
with inward /outward on the last slot.
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The Orientation Covering

For p € M, there are 2 orientations for T,M. We have a covering map 7 M - M, which
identifies things of opposite orientation. For instance, consider when M is a hypersurface
in R™1. Then in problem 15-15, we work with the unit normal N at p given by

N _ldx! A-- A dx™T,

This gives an orientation for T, M.

Theorem 26.1 (Lee, 15.40). For #: K - M, M can be given the structure of a smooth oriented
manifold.

(a) ftis a generalized covering map
(b) For connected open U c M, we have that U is evenly covered precisely when it is orientable.

(c) If U is evenly covered, the 2 orientations of U are o* of an orientation on N, where o is a
section of M — M.

Example applications: If M is not orientable, that tells us something about M. For
instance, see 16.48 (densities) and 17.34 (top cohomology groups).

Proof sketch. (a) We form the pairs (p,0p), and make it the basis for a topology on M.
This involves checking properties on the intersections. Since U is evenly covered, #t
is a generalized covering map. Observe that 7 restricted to any component of M is
an ordinary covering map. We use the pullback smooth structure (an earlier result),
and obtain that the orientation at (p,O,) is #*(0Op), and likewse the orientation for
(p,~0p) is A(-0p).

(b) We already did one direction:

= When U is evenly covered, then 7t-'(U) has 2 shoots, each diffeomorphic to U.
Each sheet is in M which is oriented, thus U can be oriented.

< See part (a)

(c) While doing part (a), we constructed such an orientation.
O

Theorem 26.2 (Lee, 15.41). M is orientable precisely when N has 2 components, and M is
non-orientable precisely when N is connected and # is a double cover.
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Proof. If M is oriented, then by part (b) it is evenly covered. Hence it is double covered.
Then we can pick (p, Op) and (p, -Op) to get our two components.

Conversely, if M is disconnected then # is a diffeomorphism when restricted to a com-
ponent (by the Global Rank Theorem). Then you can invert the restriction of 7, to obtain a
global section. Use this to pull back the orientation of M; it follows that M is oriented. [

Now there’s a proposition about factoring through the orientation cover, which gives
you uniqueness. Next there’s a nice result about subgroups of index 2 in the fundamental

group.

Integration

We start on IR™. There are two different types of integration going on here. First, we have
J¢ f dx!---dx™ on Euclidean, when we can use results like Fubini’s Theorem to interchange
the order. For instance, we can integrate a curve with respect toarclength and do its
Euclidean integral.

Then, there’s integration with orientation. Think of line integrals or contour integra-
tion, when the integral changes sign if you switch the orientation. Integration of forms
talls into the second category.

Definition 26.3. Define

/fdx]/\---/\dxnz/fdx]---dx“.
E E

The order matters on the first version, where we are using the standard orientation on
R™. To compute in a different order

/gdxz/\dx]/\---/\dx“:—/gdx1/\dx2/\---/\dx“.
E E

Example on R?: we can look at [; g dy A dx = — [; g dx dy. Thus integration of forms takes
into account orientation information that was previously absent on IR™. Now consider
a hypersurface D contained in the xz-plane as a subspace of R3. Now to compute ¢p
f(x,z) dx A dz, we need to know “which way is up”; for instance, if % is your “positive”
normal, then the orientation for D is

0
— _ldxandyadz=-dxadz.
ay

This is inspired by physical interpretations, for instance if you have a fluid flowing through
a region.
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A few technicalities: extending the theory to improper integrals. We’re not going to do
this; everything is on compact domains. In particular, you can interchange the order of
integration, because convergence is uniform.

Consider an n-form w on R™ with compact support. The support could have a bound-
ary with positive measure, but the theory has to allow for that. So we want supp w con-
tained in a domain of integration.

Definition 27.1. A domain of integration is a subset of R" that is bounded, whose boud-
nary has measure 0.

Recall that from Chapter 6, measure is well-defined on manifolds, and we extend our
definition to there. Last time, we defined

/ w=/fdx1/\-~-/\dxn=/fdx1~--dx“.
DcR™ D D

To extend this to manifolds, we need an orientation.

Now consider w on an oriented manifold M. Take an oriented chart (U, ¢) such that
supp w N U is compact. Then define

/ w = ¢ *w.
u $(U)

To generalize, we use partitions of unity (check that the result is well-defined). This ap-
proach is good for some theoretical arguments, but it is not useful for actual computations
(since bump functions are hard to work with).

Instead, we use parametrizations to compute integrals:

Proposition 27.2 (Lee, 16.8). Consider a finite collection D; of open domains of integration in
R™. Suppose that

(i) Each Ty is orientation preserving and extends smoothly to Dy -~ M
(ii) {W,} is a partition
(iii) supp w c UW;

Then we have

/w:Z/ Ffw.
M i JDy
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For an example, see [Lee, 16.9]. We compute [, w. Take F to be the inverse of spherical
coordinates. Then F is a diffeomorphism for 6 € (0,27) and ¢ € (0, 7). Then D is an open
rectangle, and

W, = 2\ {a prime meridian}.

The integral you get here is the surface area (the standard Reimannian volume form in
this case).

Stokes’ Theorem

The statement written in chalk on the ceiling of the classroom was

/ dw:/ w.
M oM

The original statement holds for M an n-dimensional oriented manifold (possibly with
boundary), and where 0M has the induced orientation. Also w is a compactly supported
(n—1)-form on M. The notation [j,, w is interpeted to mean [j,,1*w, where i:0M - M
is the inclusion map. While we rarely write in this detail, it is sometimes helpful while
solving homework problems.

Let’s see what happens when w is not compactly supported.

1. Consider a compactly supported w on a manifold with boundary M. Choose M
such that 9M # &, and choose w such that [;,, w # 0. Now consider the auxiliary
manifold N = IntM. Since N is open, it follows by invariance of boundary that
ON = @. In particular, f an w = 0. However,

/ dw = / dw
N M
= / w
oM
#0.
Therefore Stokes” Theorem does not hold for the pair M, w.

2. More concretely, consider

w = % _n de".
We see that dw = 0. Take M = R2\ B(0, 1). Then [}, dw =0, whereas [5,, w = -2

There are many useful corollaries of Stokes” Theorem.

Corollary 27.3. Let M be a smooth compact oriented manifold, and w an (n - 1)-form.
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/ ocz/ dw =0.
M m

16.15 Suppose w is a closed k-form on M, S is a compact oriented K-dimensional submanifold
without boundary, and [ w # 0. Then w is not exact on M, and S # ON for any compact
oriented submanifold with boundary N.

16.13 If x = dw and OM = &, then

16.14 If w is closed when [y, w = 0.

To illustrate 16.15, take M = RZ\ {(0,0)}, w =" dO" as before, and S = S'. Then
Jsw = 2m # 0. Hence by 16.15, if we keep w as defined on points of S' and modify it
smoothly however we like off of ', we can’t get it to be exact. Also, there is no compact
N ¢ M with dN =S/,

Just using Stokes” Theorem, we can prove a result about de Rham cohomology from
Chapter 17.

Definition 27.4. The de Rham cohomology groups are given by

ker d: Qk — Qk+1
k _
Hde Rham(M) - Im d: Qk-1 5 Qk”°

Corollary 27.5 (Part of 17.30). For a compact oriented n-manifold without boundary M, we
have

ng Rham(M) ?é {0}

Proof. There is an orientation form (); we claim that f m Q > 0, since it is positive on each
oriented chart. Hence by 16.13, Q is not exact. On the other hand, dQ) = 0 since Q is a
top-dimension form. O

Proof of Stokes” Theorem. By partitions of unity, it suffices to prove the result for when
supp w is contained in a single chart. For simplicity, put a rectangular domain of inte-
gration around supp w (technically, we realy mean ¢! *w.

We start by working in an interior chart. By linearity, it suffices to consider

w=Ffdx' A andxtA-adx™

dw = ia—f. dx! A A dxX™
oxt

Integrate with respect tox! to get f evaluated at 2 points on dA, where it vanishes. Since
0A = &, both sides agree.

Now consider a boundary chart. The same thing happens unless i = n, so we restrict
attention to this case. For notational convenience, we work with n = 3. Then the Stokes’
orientation on the xy-plane is given by

0
—&JdX/\ dyadz=-dxnady.
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As before, take w = f dx A dy. Then
dw = % dx A dyAdz.

Consequently we compute that

of
dw:/—dxdydz
A AaZ

Zof )
= — dz| dx d
/B:AmaI[—I“ (/o 0z Y

:/f(x,y,z)—f(x,y,O) dx dy
B

= —/ f(x,y,0) dx dy
B

:/Bw_

Here B is B with the Stokes’ orientation.

27-4
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Divergence of a vector field

Given a volume form Q) (not necessarily a Riemannian metric), we can define the diver-
gence as follows:
div(X)Q = LxQ.

This is equivalent to the usual definition, by Cartan’s Formula. Indeed, dQ) vanishes since
itis an (n + 1)-form on an n manifold.

If X # 0, then working in flow coordinates we have X = %, so that Lxdx! = 0. Writing
Q =fdx! A--- A dx™, we obtain

of 1 of
Exﬂzﬁdx A"'Adxn=(¥w)ﬂ.
Hence we thikn of div(X) like (}a%)

Proposition 28.1 (Lee, 16.33). If D is a compact regular domain (codimension 0 submanifold
with boundary), then

d d
—00l0¢(D) = — Q
dtvo «(D) dt/et(D)
d
-2 | o0
dt/Det

2/ EQ;Q
p dt

The last line follows since D is compact and all the functions are continuous (so the convergence
is uniform). Hence

=/ 0; LxQ

D

_ / £xQ
0¢(D)

= / (divX)Q.
0+(D)

If O = dVy (the Riemannian volume form), we get the classic divergence theorem.
Note that if M is compact without boundary, then dVj is not actually an exact form, by
Stokes” Theorem - the notation is misleading. This is Proposition 16.32.
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Proof. If X is compactly supported, then

/ (divX) dV, = / d(ix V)

M M
= / ixdVglom

M
= / ig(ix dVy)

oM
Lemma 16.30 =/ (X, N)dVj.

oM

Here N is a normal field along 0M, and § is the induced Riemannian metric on oM. [

Lemma 28.2 (Lee, 16.30). We have the identity
ix dVglom = (X, N)in dVy,
and the same result holds on any hypersurface.

Proof. It suffices to show that this holds pointwise for p € 9M. Pick an orthonormal basis
Eq, -, Eqo for T,0M. If (X,N) = 0, then both sides vanish. Indeed, the left side acts on
(X, Y1,--, Yn_1) with Y; € T,0M, which will be linearly dependent.

By linearity, it suffices to consider X = aN (since the tangential components vanish by
the previous paragraph). We evaluate both sides on Ey, -, E,_1 to obtain

dVg(aN,E1,---,En_1) =da.
[

The message here is that when working with top degree forms, just apply them to a
basis and you'll know everything.

Notice that the divergence has an interpretation in terms of the Hodge * operator
#: QP - QnP,
divX = *d » X see 16-18, 16-21 if interested.

A brief word on densities: You can embed a Mobius band/strip in IR3. As a hypersurface,
area makes sense. For instance, [,, f dA makes physical sense.

de Rham Cohomology

We make the definition

ker d: QP (M) — Q1 (M)

Mo = gtan )

Two questions; why do we call this a group, and why do we put the “co” in front of
homology? The answer is that it fits into a larger picture, and they are maps from a
homology into R (which is a group in general).
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The very rough answer is that the corresponding is defined on compact oriented sub-
manifolds with boundary. Then Stokes” Theorem says that

/dw:/ w.
S 23S

Therefore the exterior derivative d is “dual” to the boundary operator 0. To make this
precise, use singular homology. So we look at maps from a p-simplex into M. We have
an operator given by integration over simplices, and in general we can have an operator
that assigns a quantity to a simplex. The output can live in any group, in general. You
can extend by scalars to go from the integer version to the full version. The story is in

Chapter 18.
There are some facts to know about HY,, even though we aren’t going over their
proofs.

1. Hj; are homotopy invariants. Thus we can compute the de Rham cohomology of
contractible spaces very easily.

2. The local version of this is the Poincaré Lemma; on star-shaped sets, the constant
functions are the only forms that are exact but not closed.

3. Applying Mayer-Vietoris, we compute the cohomologies for S* and R™*1 \ {pt}. It's
R in dimensions 0 and n, and 0 otherwise.

4. For connected compact n-manifolds, we have H*(M) = R with isomorphism

e
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Possible topics for the optional lecture on Monday: Proof that

o

is an isomorphism from H‘Clpt(M“) to R.

Proof of Mayer-Vietoris.
There is a suggested problem from Chapter 18; think of a p-cycle as a map

0:57 - M.

Claim 29.1 (18-1). The geometric interpretation of homology: a closed p-form is exact whenever

/ w=0
o(SM)

Note that if o extends to a map from B™*! - M, then by Stokes’ Theorem this is
trivially satisfied.

for all cycles o.

For the rest of today, we omit the “de Rham” subscript from the cohomology groups.
Note that H°(M) is the set of locally constant functions, which is a vector space under
addition. In particular,

HO(M) =~ RK,

where k is the number of components.

Homotopy invariance via the homotopy operator. The proof generalized the Poincaré
Lemma for covector fields on a starshaped domain U c rr™. Given a covector field w, we
wanted an f such that df = w. So we defined f as the integral of w along a radial line; in
other words, integrating along the path of a homotopy.

Think of this field like &. Now let S be the analogue of this field for any homotopy.
On U x I, the field S pushes forward to a field that is tangent to the lines of the homotopy.

Hence we define :
f= / i:w dt.
0

Consider ip:M - M x 1, and i;:M — M x I. Later we’ll consider maps F, G:M x I - N. If
we identify M with M x {t}, we can write the integral

1
h(w) :/0 ir(S_dw) dte QP I(M),
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once we're given a p-form w on M x L If S = & then we think of S_| W(qt) €APT(TEM).
We compute

d(h(w)) - /] i d(isw) dt
0

— d(h(w))+h(dw) = /] if[(disw) +isdw)] dt
0

1
=/ iy Lsw dt
0

={jw-ijw.
Thus if w is closed, we have
d(h(w)) ={jw -ijw.
Why is this useful? If we have a p-form w on N, then we have F ~ G:M — N, which
means dh(H*w) = G*w — F*w. Hence F, G have the same cohomology class.

Some immediate results:

1. H'(M) = Hom(7t;(M), R) The map takes a closed 1-form and an element 0:5' -~ M

to their integral:
w > / w.
o(S1)

For the full isomorphism, you need to abelianize 7ty (M) and extend it by scalars (IR).
2. HP(R™) = 8y, R

3. HY(R") = &npR To understand why, first consider H(R™). It vanishes, since the
only compactly supported constant functions is the 0 function. Now consider p = 1;
then if w = @ dx where ¢ has compact support, it follows that [ w = 0. Hence if
w1 — w; is exact, then [ wy = [ w,. Hence

]~ [ w

This extends to all smooth connected oriented manifolds, with H(M) ~ R via the inte-
gration map above.

is an isomorphism.

For compact smooth connected oriented manifolds M, we have H*(M) ~ R.

Theorem 29.2 (Mayer-Vietoris). Let M = Uu 'V, where U, V are open. Then we have an l.e.s.

HP(M) —— HP(W) @ HP (V) ——— HP(UA V)

HP+1(M) N
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Let’s apply this to HP(S™). Then HO(S™) = R, H'(S') = R, and H'(5?) = 0. Take charts
U, V that miss only the north, south poles. If you continue inductively in the sequence,
we get enough zeros to force the computation of the groups.
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